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::::--.:::::::::.·_;:::-:::.on 

:::q·..1al sharing of the cooperative surplus is per':iaps the simplest no7.ior: 

cf -.i:::ro-economic justice. In many contents, however, this principle is 

harâly operational: without an objective numeraire, interpersonal comparisons 

cf ·.·.'elfare increments are not possible . 

.. e ::.ss"..J.ne here that all agents have constant IDal'"gina: ut:.lity for money 

and siàe pàyments (unconstrained monetary transfers among agents) are feasible. 

Inë.ividual utilities are all measured in money, thus Pareto efficiency is 

tantamount to maximizing the joint utility. In particular requiring 

efficiency does not contraàict any redistributive goal (no equity-efficiency 

,.:;~.:--=). 

7 -~-:::,:y we assuDe that agent i's utility takes the ::'orn u.(a) + t: 
l. 

is his raonetary endo· ... .nent and a summarizes all relevant non'.':',or..e-:ary 

::- "'~=-=--.:ors; the underlyi:-,g ::ücroeconomic rationality :-,as been carefully 

t~eir e~vironment does not fluctuate too much; in our context this means t~at 

~~e s~r?lus to be shared is small realtive to each individual's monetary 

::::-ese:::-,ves. We call it (following GREEN-LAFFONT [1979]) the quasi-linea:r> contex't. 

In our economy, we have two goods, one pure private good (money) with 

zero initial endowment and one pure public good. An allocation is a publié 

decision a and a vector (t1 , ... ,tn) of monetary transfers (constrained 

by tl + + tn = 0). The set of feasible public decisions is taken to 

be =inite, but this assumption can be easily relaxed (comment A in Section 7). 

To compare the individual surplus at various public decisions one must 

specify the reference utility level from which these increments are computed. 
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=~ s :~rticular public deci ion is viewed as the status quo (or ëisagreeme~t 

~~cis:on) then our referenc will be the corresponding utility levels. A 

;-:-'.)re ;:-e::eral method goes by picking any fixed convex combinations of the 

;·.1blic decisions as the ( ge eralized) status quo. For instance, to avoid 

2.:1:y ë:scrimination among pu lie decisions, we can take agent i's refe~ence 

:.:-:!.:i-::7 level to be his ave age utility over public decisions ( this T'.'.ethod 

-..·as originally proposed by UBINS [1977]). To any such convex combination 

:.s -:ten associated an egali arian social choice function. 

The àbove construction c n be generalized by letting the convex average 

o::' ?U~lic decisions,from wh"ch the reference level is computed, depend upon 

-::1e c·terall joint utili ty: this yields the equal sharing above a convex 

ions (in short ESC D). Bot~ :he e;ali~aria~ 

s~c ~\e ESC D social e functions will be illustrated in t~e particular 

:ss-:; := a bi::ary ;:n1blic decision (Section 1) and define:. -...:i-::1 ft:ll generality 

-- .:e:-::.c:: 2. Fer the time being we mention the other ;,ro::iinent e~:a::ples 

c= ~ 3 CD social choice nctions (besides egalitarian s.c.fs.) nw.ely the 

·..:-:ili-:arian s. c. fs, that rely select the efficient public decision and 

:;:er::'crm no reàistributive ransfer at all (at lea.st when the efficient public 

decision is unique). 

In the quasi-linear ext, we characterize axiomatically egalitarianism, 

utili-:arianism and,in gene al,the class of ESC D social choice functions. 

Our two main 

- No transfer 

contingent 

follows: 
benef i t from an 

ox: no indi vidual agent can /ex ante 
or more 

ift to one/ of his fellow agents. 

- No advantageous reallocations: no coalition of agents 
into 

ca~ enter ex ante ,.é.n enforceable contract specifying 
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certain monetary transfers within the ccalition, 

contingent upon the final public decision, so as to 

i:::prove upon the final utility of all coalized 

agents. 

3oth axioms prevent specific t.actical maneuvers by which the agents try 

2is:0rt the arbitration process for their own sake. An aGva::tageous 

reallocation is coalitional insurance of the form: I give you $l if 

:ecision a occurs while you give me $2 if b occurs. This in tu!"!l modifies 

our utility functions and, through the social choice function, the final 

allocation. Similarly a paradoxical transfer is a gift contingent upon 

-:hë public deèision such as: I give you $1 if a occurs and nothing other.-ise. 

-~~s, a5a~n, affects the final allocation (via the social ctoice function) 

a:::. ::-.ig::t prove beneficial to the donor. The se rr:anipu:aticns, ::::>wever, 

:::-a:.ica::.ly di:'fer fror.: t::e familiar misrepresentation of prefere:-.ces: a 

.;a~a:.:xical transfer (na=ely a beneficial one) and/or an a~va~tageous 

:::-e::.llocation should both -cake place publicly: the who:.e pcin-:: is to have 

-:r;e referee acknowledge a skillful change in the utility profile, so as to 

in~~ce a favorable change in the redistributive transfers. In :he framework 

of exchange economies these two kinds of manipulations are known to threaten 

the com?etitive equilibrium arbitration method for many preference profilés 

configuration (see GALE [1974], GUESNERIE and LAFFONT [1978], BALASKO [1978], 

CHICHILNISKY [1980]. and POLEMARCHAKIS [1982]). 

Here in the quasi-linear context is turns out (Theorem 1, Section 3) that 

the No Transfer Paradox and the No Advantageous Reallocation axioms, together 

characterize the class of ESC D social choice functions. 
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c~ëracterization of the egalitarian social choice functic~s is even 

sirn?ler. If a (convex) status quo is exogenously given and the s.c.f. is 

::-eq_ui::-eè to guarantee the corresponding utility level to each player (this 

is the Indi vidual Rationali ty axiom ; see Section 4) then No Advantangeous 
s'..lffices 

?.eall:cation alone / ( corollary to Theorem 2, Section 4). On the other 
following 

:-.=.n:., t~e co::ü::ination of No Advantageous Reallocation and the /No Disposa:. 

o:' Utility axiom characterizes all egalitarian s.c.f.s (Theorem 2, 

Section 4),no matter what is their status quo. 

- No disposal of utility: an agent cannot benefit from contingently 

throwing away some of his own utility. 

T~is ax~om rules out blackmail threats of the form: I burn sc!!le of 

if this public decision is undertaken. Notice the a:;.alcgy o= 
:;::"o:':.-:a:,le è.isposal of utili ty ;.:ith ?r>ofitab3..e destruction of one' s endowmen~s 

:.:-, -e::•::':"lange econo:nies where the competitive equilibriur.: arbi tration p!"evails 

(s-::e .:.:..;::,;1;:; a:-id ?ELSG [197:+]). 

::'o c1:aracterize utilitarianism (Theorem 3, Section 5) the No Disposal of 

Ctili:y axiom is replaced by the Du~~y axiom: it says that an unconcerned 

a5e~t (one who values equally all public decisions) shoµld not get any share 

of a surplus to which he contributes nothing. Alternatively,utilitarianism 

is characterized by the combination of the No Transfer Paradox and the 

I~difference to Merging and Splitting axioms. This last axiom compares 

social choice functions for societies of variable size. It says that a 

coalition of any size t expects the same joint utility whether it goes to 

the referee as t different units or as a single unit (with sulil:':".ed utility) in 

t~erefore smaller society. 
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:zst !"'esult (Theorem 4, Section 6) singles out :::galitarianism :inè. 

·:::.:...:..-:a!"'ianisrn from the class of E S C D social choice functions by focusing 

::-. se::::.u!"'e ut ili ty levels, namely the maximin utility level that an agent is . 

~·..:.:::.::-a:::teed of whatever are the preferences of his fellow agents. It turns 

:·.1-: t:-:2:t Utilitarian and Egalitarian social choice functions respectiYely 

:::.":·:i::.e the lowest and highest secure utility levels withir. this class, 

·,::-. .:..:::r. supports even more strongly the case for egalitarian arbitration methods. 

?i:-.a:..ly in Section 7 we comwent upon several extensions of the rnodel and 

its relation ta the literafure. 

=) :~e Case of Binary Choices 

We ass~~e throughout this section that only two public decisions, deno-::ed 

_, a~e at stake. In this simple case the egalita~ian, ~tilitarian and 

J so:::.ial choice functions are easily described. 

~.;e:--.-:: i' s p:::,e::'erences are determined by the utility in:::yement frorr. dec:.siœ1· 

~ -:: : :e :::.isio:1 1 namely s. = u.(l) - u.(O). 
J. J. . l. 

Denote by 

t::t~l jcint increment from decision O to decision 1. Thus 

n 
= r s. 

i=l .l.. 

SN> 0 

the 

s < 0) means that 1 (respectively 0) is the unique efficient 
N 

decision; if sN = 0 both decisions are efficient. 

~ social choice function specifies for each profile (s1 , ... ,sn) an effi~ient 

p:it:..i:::. decision and a vector of transfers ( t
1

, ... , tn). 

Su?pose first that decision Ois the status quo from which the available 
' 

( ) . • . h • • f 0 s s:ir~l"..ls if any is to be equally spl1.t. This g1.ves te egalitarian s.c •• 

- if decision Ois efficient (sN ~ 0) then no 

redistributive transfers take place: a= 0 and 

t - - t = 0 • 1 - · · · - n 
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if decision 1 is the unique efficient public decision 

(sN > 0) then a= 1 and the transfer ti to agent i 

is chosen so as to insure that his surplus 

u.(l) + t. - u.(O) = s. + t. is the same as 
1 1 1 1 1 

any other agent's surplus. Taking t 1 + ••• + tn = 0 

into account, this gives: 

t. = 
1 

1 

Suppose next that none of the public decisions emerges as a natural status 

~uo (e.g., two town councils must decide upon the location of a facility to 

::e used by both). Then a fair device is to take 1
2[ u. ( 0) + 11. ( 1)] as the 

l. l. 

~e=erence utility level to agent i (one possible interpre~ation being to 

~oss a fair coin between the two public decisions; yet the ~odel developed 

_,, "'.:r.is paper is entirely nonprobabilistic). Computing the transfers so 
, 

~s ~o equalize the individual surplus we get the egali~aria~ s.c.f. ~S, 

if decision 1 is an efficient decision then a= 1 

and: 

u.(l)+t. 
l. l. 

so that t. 
l. 

if decision Ois an efficient decision then a= 0 

and 
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::o-:i'.:e -:hat if both decisions are efficient both allocations 

Ca = 1, t. = -1
2
- s. or 

J. J. 
a= O, t. = !2 s.) give the same utility to each 

J. J. 

1 
agent (namely ~ui(O) + u.(l)]) soit does not matter which one is chosen. 

J. 

.A.2.1 egalitarian s.c.f.s obtain as follows: pick ),, 0 < À < 1 and take 

-:he ~eference utility level to be Àu.(l) + (1-À)u.(0), By equating 
J. J. 

:..n::.i·.·iè.ual surplus from that level, we obtain the s. c. f. ÀS 

- if 1 is an efficient decision (sN..:. 0) then a= 1' 

s. J 
J. 

if Ois an efficient decision (sN..::, 0) then 

1 
a = 0 and t i = \ [ si - n sN] • 

?i2''..::'e l about here 

1 
J 

(1) 

Or: Figure 1 we take 1 to be the efficient decision. When À goes 

·~r8~ Q to 1, the reference utility vector moves from (u
1

,u
2

)(0) to (u
1

,u
2
)(1). 

:-:e describe now the E S C D social choice functions. The idea, again, 

is to take for agent i's reference utility level a coRVex combination: 

Àu.(l) + (1-À)u.(O) 
J. J. 

0 < X < 1 

where the parameter À now depends arbitrarily upon the joint increment 

.sN and depends upon nothing elsè. You cangive more weight (or less weight) 

to a public decision because it generates more joint utility, but not 

because it gives more utility to a particular agent. For instance take 

), = o(sN) where. <P is the cumulative distribution of some symmetrical 

probability measure on R. 
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Figure 1 

The Two Agents Case 
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7hen <l>s 

:;-:cerpret <Ps 

is gi ven by formulas ( 1) ( where, now, À deperi ds upon sN). 
for a=O,l and b=l,O, 

as follows: / if a is the unique effic:.ent decision then 

the reference utility level will favor those agents ~ho prefer a to b 

(tr:ey are generating the surplus, and therefore deserve a greater share of 

~~). The larger the joint increment in utility frorn ~ to a, the closer 

the reference utility level will be to 

An extreme element in the family 

U, (a), 
1 

corresponds to a pr·obabili ty 

distribution concentrated at O, henceforth: 

À = 0 if SN < 0 

À = 1 if SN > 0 

À 
l • .r: 0 = 2 l..1. SN = 

This is a utilitarian s.c.f. namely 

- if a is the unique efficient decision, chcose it 

and make no transfers t. = 0 
1 

- if both decisions are efficient, enforce the 

utility level 

a= O and t. = 
1 

1 
+ ~i(O), (e.g. by choosing 

Poncius-Pilatus 
Here we have utilitarianism in the vein of/: the central planner 

selects the efficient decision and performs.no redistributi-~e transfers 

( at least when i t is uniquely efficient). He 11washes his bands" of 

the equity issue. 

2. QUASI-LINEAR SOCIAL CHOICE FUNCTIONS 

A quasi-linear decision problem is given by a set N of n individual 

agents who jointly pick a public decision a within the finite set A. 
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Decision a is public : no individual agent can be excluded from its 

consumption (although his opinion could be ignored in the choice process); 

it is also costless. Thus an outcome is a pair (a, t) whe-re a EA and 

t = (ti\EN is a vector of balanced monetary transfers : ,; t. == 0 iEN 1. • 

. 
For all i in N, agent i's preferences are described by a vector u. 

l. 

in RA so that his utili ty for outcome (a,t) is u. (a) + t .. 
l. l. 

Denote by 

1 the vector in RA whose all components equal 1. Then two vectors u., v. 
l. l. 

·A 
in R , such that v. = u. + a1 for some real number ex 1t represent the same l. l 

preferences over the outcome set and should therefore be identified. Pro­

perty (3) in the following definition takes care of this by stating that 

:::ie zero of an agent'sutili ty function plays no role. 

!:e::.7:ition 1. Gi,,en a society N and a set of public è-ecisions A, bath 

finite, a social choice function is a mapping S associating 

to every preference profile u = (u.) 'EN 
l l l 

in A 1\' 

(R )'"' a utility vector 

S (u) in such that : 

- S 1.s efficient 

- Sis anonymous 

profile u 

For all iEN and 

some real a and 

S: (v) = S. (u) + 
l. l 

mé!,t: { .EtN u. ( a) } 
aEA 1 .. l. 

(2) 

for all permutation T of N, all iEN and all 

all profiles u,v such that v. == u. + a 1 for 
l. l. 

u. .. v. for j 'F i, (3) 
J J 

a and S. (v) = S. (u) all j 'F i. 
J J -
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Pick a profile u at which the maximum of {.ENI: u.} 
l • l. 

1.s reached at 

a unique decision * a • By efficiency of s it follows that there is only 

one feasible outcome (a*, t*) achieving the utility levels proposed by S. 
on the other hand, 

If,/.E~N u. reaches its maximum at several decisions, several such out-1. l l. 

comes exist : that the tie breaking rule should play no role is an im-

plicit premise of Definition 1. 

Xotation We denote ~ = ·~m U. and s = 'Ç' s. for any 
~ l l. T iËT l. 

T in N. We also denote max max z (a) for any z = 
at:.A 

in IR.A. Thus. condition ( 2) is rewritten as : S~(u) = 

;::?ali tari.a:: social choice function 

Pick an element cr in the unit simplex of mA 

:E ,... = 1 
aEA va ' 

cr ;;;.. 0 all a 
a 

coalition 

u,tility 

max 
~ 

To each prefe:-ence profile u and each agent i associate his reference 

Above the reference vector utility level ui.cr = JA ui(a) cra 

(ui.cr)iEN the following surplus is left 

= 

z 

The egalitarian s cf associated with cr shares equally this surplus ; it 

is denoted 0 s. Henceforth: 
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0
si (u) = ui .cr + ! (~ - ~-Ci )~rall profilesu, ar-:d. agents i (4) 

does 
The only egalitarian s.c.f. that / not discriminate among ·public decisions 

corresponds to the barycenter * cr of the unit simplex ((J* - 1. ,...: ·- =o,.., - ,~rJ,.,.:.. .. 
a 

all a in A) -This was proposed by DUBINS [ 1977] as a fair decision 

device for quasi-linear problems. 

Utilitarian social choice functions 

;·,~enever a pro fi le u has a unique efficient public decisicn * a 

(1.e. for al=ost all profiles) an utilitarisn s.c.f. selects that decision 

2--:..:1 :::a~~es r..o :ic:.etary transfers. If several such ,2fficient èecisi.ons 

e:,:ist, ;;e lea·,e so:ne freedon of choice to the utilitarian referee, na=-21:,r · 

.chat of achieving (by appropria te transfers) any convex combination of the 

efficient decisions. However the coefficients of this convex cocl>ina~ion 

depenà upon the joint utility ~ only : a ~tilitarian referee 

may not indirectly achieve some redistributive goal by weighing 

more some efficient decisions because certain agents like them more. 

Formally let "[' be ·any mapping from RA into its unit simplex such 

thàt Z,'t'(z) max all z, or equivalently .. z 
' 

-r(z) > 0 ~ z(a) max (5) = z 
a 

T 
Then the corresponding uti li tari an s. c. f. is denoted S and defined : 
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l. 

= u .• "[' (u...) 
l. .N 

- 13 -

for all profiles u and ageni:s i. 
(6) 

In order that (6) satisfy our definition of a social choice function one must in 

satisfy the invariance axiom (3). This àmounts to: 

T(z+a1) = -r(z) all z in RA , all ci in R (7) 

Equal' sharing above a convex decision 

This class includes the two previous ones. 
• A 

Let p be any mapping frœn R · 

~nto its unit si:n:plex such that 

p(z+a1) = p (z) all z all a in R 

To p ":e associa te the follo·,.;ing E SC D social choice funccion 

S. (u) 
l. 

= max + (u. ~ .!. uN). p(u..) 
n~ 1. n1 .N 

all profile u 
all agent i 

(8) 

(9) 

Thus an average agent (i.e. 1 
u. = - u..) 

1 n .N 
gets exactly bis fair share 

of the maximal joint utility, while an non-average agent is subsidisied or 

taxed in proportion to bis (vector) èeviation 

A more transparent interpretation of (9) obtains by_rewriting it as 

Interpret p (~) as the convex decision at which the reference 

utility level is taken: this decision can vary as the joint utility 
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varies but it cannot faveur a particular agent or coalition of agents. 

~ow fornula (9) expresses that the surplus left over the reference utility 

levels, namely is equally shared amoJ!g the agents. 

Here are some examples of ESC D s.c.f.s. We impose neutrality (no 
for 

è.iscrimination among outcomes): just as 
0 ~·: 

s ( o:': :: 1/#A/all a ) 
a 

so 
is the only neutral egalitarian s.c. f,, ;there is one neutral utilitarian 

s. c. f.. :namely 
,:--;,': 

S where .-1: satisfies ( 5) and, in addition: 

-r~':(z) = .-;':(z) 
a b whenever z(a) = z(b) 

max = z 

?or any nunber À, 0 .::_ ), .::_ 1, the convex combination p(z) = ).cr1: + (1-).)-r:':(z) if 

co:..;:.rom2..se 
.•. 

between C5 .. s and ~·'·s. 
L ,_ 

In fact À can depend arbitrarily upon z, 

as :!.cng as ), ( z+a.1.) = À ( z ) for al: A 
zeJR ,a.eJR. For instancE: 

) c( max ') ~ /\ = - i.:....r - 1\T • o~: ,,,.iere e is decreasing (increasing) means that the 
_, -" 

2.2.:"."::::e:::-· -:he average surplus ti;e more utilitarian (the more egalitarian) 

is the corresponding allocation. 

3. ADVANTAGEOUS TRANSFERS AND REALLOCATIONS 

Definition 2. Given A, Nanda social choice function S we say that 

S satisfies 

i) the No Transfer Paradox axiom (in· short N TP), if for all profiles 
and agent i 

u, v /we have 

ii) .the No Advantageous Real.location axiom (in short N AR), if one can 

not find two profiles u, v and a coalition T such that : 
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for r 
1.t;. = v. 

J J 
all j EN\ T} and {~ = vT} and {S. (u) < S. (v) / all iET }( 11) 

l. l. 

The N TP axiom rules out unilateral gifts contingent upon the final 

choice, namely transfers of the form : if the pub lie decision is a • agent 

i gives o. (a) ;;.. 0 
J 

to agent j' j # i. Such a gÎft in effect changes 

to u.=v.+ô. , all j f. i and v-. to u. - _}; Ôj. Property (10) says 
J J J J., 1 j ;z!i 

precisely that such changes can never be profitable to agent r. 

V·• 
1. 

The N AR axi.om says that coalitional insurance against the 

pi.::> lie decision cannot be profitable to all members of that coalition. Both 

kinds of manipulation (unilateral gifts and coalitional reallocations) are: 

i) publicly perfor::,ed, since the referee cust acknowledge the cor~es­

?:::'.ding change of the utility profile in order that it has any· effect c:1 

:~e :inal transfers; 

ii) contingent upon the final choice of the public decisi~n (by the 

i~variance axiom (3) a constant transfer or a constant reallocation is 

si=iply added to the socially chosen outcome). 

The com.bination of N TP and N AR proves ta be quite powerful. 

Theorem 1. 

Let A, N be given. Then an E SC D social choice function (equal 

sharing above a convex decision, given by (9)) satisfies both the N'! P and 

N AR axioms. Conversely suppose N con tains at least three agents. Then a 

social choice function satisfying bath N TP and N AR must be some ESCD s.c.f.. 
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Proof 

STEP 1 S satisfies N AR if and only if for all profiles u , v and 

all coalition T we have 

and u. = v. 
J J 

(12) 

Clearly (12) implies N AR. Conversely suppose (12) fails for soi:œ 

u, v and T : 

u. = v. 
J J 

all j EN\ T, 

Setting o. = we define 

for all iET w. = v. + [ S.(u) - S.(v) +al. 11 
l l. l l 

for all j EN\ T w. = V. = u. 
J J J 

Next we check that ·wT = vT = uT and compute by (3) 

S. (w) = S. ( u) + a > S. ( u) for all i ~ T 
l l. l. 

Thus S violates NA R. 
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STEP 2. S satis fies N TP and N AR if and only if for all 

profiles u, v we have: 

{u ,i.;; V. 
i ~L 

and {s, (u) :i.;; s .. (v)} 
l. .!. 

(13) 

First of all (13) implies (10). To prove that (13) implies (12) 

c~oosetwo profiles u, v and a coalition T satisfying the premises of 

(12). Applying (13) successively with jEN\T in place of gives : 

S. (u) 
J 

S. (v) 
J 

all jEN\T 

Besides, by efficiency of S we have 

= 

Combining the last two equations gives ST(u) = ST(v) as Yas to be proved. 

We prove now the only if statement. Pick · two profiles a.s in the 

premise of (13). 

that 

Next construct some utility function w. • jEN\ 1 
J 

w. <; u. al 1 jEN\ 1 
J J \ 

this is possible since wN\J <: '1l\i · Then we have 

( 1 O) => 

(12) • 

(the last implication by the efficiency of S). 

S/v1 , w ) - s1(v) 
N\l 

This proves ( 13) • 

such 
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STEP 3. An ESCD social choice function satisfies NTP and NAR. 

This follows Step 2 and formula (9). 

STEP 4. A s.c.f. satisfying NTP and NAR is an ESCD. 

Let S be a s.c.f. satisfying N TP and N AR. By step 1 the sum 

s
1

...,. • is, for all i, a function of u. ... · 
''l. . . ;'-.\i 

and u. only. Since S.+ S~~· 
l. l. .. :n l 

depends upon ~ only, we can write S. 
l. 

S.(u) = M(u.,u..) 
l. l. N 

all iEN, all profile u 

where M 1.s real valued and defined on (RA)
2

• Notice that the func~ion 

r-: does not dèpend on i by virtue of the anonymity axiom. 

Now apply property (12) to coalition T = {1,2}: 

For all x, y, x' in m..A, we can find, since !NI~ 3, a profile u 

such that ~ = y, hence 

M(x, y) + M(x', y) = M(O, y) + M(x+ x', y) 

. . 

for all x, x', y. 

Setting L(x, y) = M(x, y) - M(O, y) this formula just says that L is 

additive w. r. to x. Moreover,by efficiency of S, we bave 

Using the additivity of L w.r.tox we get: 



M(O, y) 
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1 max 
= - y n 
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1 . 
- L(y, y) n 

!max 1 ( ) Si(u) = L(ui' ~) + M(O, ~) = ÏÏ ~ +- L(ui' ~) - n L ~' ~ 

An additive function on RA is linear with respect to rational 
1 scalars so that - L(x, y) n 

1 = ·L (- x,y). n 
Thus we have for all profiles u 

( 14) 

Apply now property (13) : we get that L is a non decreasing function of 

its first variable 

x < x' ~ L(x, y) ~ L(x', y). (15) 

~·:e -.:se now the invarie.:ice axiom ( 3) ta der>i ve a si::-.ila= invariance 

:;:~:::~er-::y of L. Take a p~ofile u and a number> a. ë.::d cc:-.sider profile v: 

v. = u. + a1 all i. , - By (3) S.(v) = S.(u) +a.. Applying (l4) to both 1 1 - -'-

siëes of this equality gives,after> some computation: 

f..s u and a wer>e arbitr>ar>y we conclude: 

L(x,y+a1) = L(x,y) all x,y e 'JR.A , a e JR 

7ake now a pr>ofile u , a number a and consider w: 

(16) 

W. : U, + a -1, 
l. 1 

~j - uj all j # i. 

(14) gives: 

By (3) S.(w) = S.(u) +a, which combined with 1 l. 

1 n-1 ,. 1 L( ui - ÏÏ ~ + n a .1, ~ + a ) = 
1 n-l. 

L(u1 - ÏÏ ~' ~) + n"" a 
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Since u, a and i are arbitrary,we get 

n for A 
L(x + ai , y +n_1a1): L(x,y) + a / all x,y E JR , a e JR • (17) 

Property (16)(17) together imply: 

L(x+ ai,y) 
for A 

= L ( X 'y) + a / all X 'y € ]R ' a E ]R 

The latter invariance property together with the monotonicity (15) im?lY 

that Lis continuous in its first variable (in fact L is 1-lipschitzian 

A w. r. t. the supremum norm on JR ) • Being additive and continuous the function 

x + L(x,y) is linear, whence L takes the form 

L(x, y) = x . P (y) For all x, y. 

for some mapping p from RA into itself. From the monotonicity a~d 
• 

invariance of L agai.n, we get that p (y) is in the unit simplex of R'"-. 

and the proof of formula (9) is complete, The invariance property (8) 

follows from that of L. QED 

Suppose the mischievous agents in coalition T implement the 

following mixture of public/private monetary reallocations·: first a 

Public contract enforces the change from u. to v · ET ]. i'l.' next some 

private reallocations among T redistribute the joint utility ST(v). This 

can prove profitable to every member of T if and only if ST{u) < ST(v). 

Now step 1 implies that this two step reallocation. cannot occur if the 

one step reallocation described by (11) is impossible. 
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neither 
The next two examples prove that / of the two axioms N T P and 

N AR implies the other. 

First take a mapping P from RA into itself and define: 

S. (u) 
l 

= 
1 max 
iï~ 

For 
+ / all profiles u •. 

This.in turn is a social choice function as soon as p satisfies 

1l • p (x) = for all x in RA 

In that case. it satis fies N AR (use step 1) •. Next ~ T P holds if and only 

if p(x) is a non-negative vector of RA. Hence oany examples of s.c.f.s 
and, 

satisfying N AR but not N TP. For instance pick ï:' s .. a::isfying (5) /(ï) 
J.s-: * 

and/ o the barycenter of the unit simplex. Tuen define 

* cr - S. (u) = 
l 

* 1 max * 2 U,. T(u..) - U~ .cr - -(u.. -u. .• O) 
1. N 1 n.N N 

To construct a s.c.f. satisfying N TP but net;. N AR is not difficult 

either. To each profile associate the (subadditive) ga:me in characteristic 

function form 

V (T) = 

Then take S(u) to be the Shapley value of that game. 

For instance if N_ -= {l',2 ,3} , S 
1 

(u) !s 
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1 max 1 (uD
1
,.a
3
x max 

= 3 ~ + 6 + ul2 (18) 

Clearly (18) defines a social choice function. To check 
with i=l 

N TP pick 
containing 
T not/, two profiles u, v satisfying the premises of (10)1 Then for all 

containing 1 
vT ~ ~, whereas for all T / The 

right hand inequality in (10) follows. But NAR is violated since s1 

::s :-:iot a function of u
1 

and u
23 

only. 

4. CHARACTERIZING EGALITARIAJ SOCIAL CHOICE FUNCTIONS 

D~finition 3. Given A, N we say that the so~ial choice function S 

satisfies the No Disposa! of Utility axiom (in short N DU) 

if Si 1.s non decreasing w.r.t. the variable u i: for all profiles ·u, v 

and agent i, 

form 

{u.i .i;;;; v i and u. = 
j 

V 
j 

all J#i } • {s,(u) < S,(v)} 
l. .l. 

( l 9) 

The NDU axiom rules out profitable self punishing policies of the 

if decision a is taken I eut my left arm, if b is taken I eut 

Z'/ right arm 

rewritten as : 

It holds true f~r an egalitarian s.c.f. since (4) can be 



v 
S. (u) = 

l. 

n-1 
n 

u .• (! + 
l. 
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max 
n ~ n 

u. .... ü 
N\ l. 

On the other hand it fails for all utilitarian s.c.f. as the following 

examples shows : A = { a, b} N= {I,2} 

V} (a) = 2 V J (b) = 1 ; u
2

(a) = 0 u
2

(b) = 2 

From vl to ut u
1 
(a) = 2 

' 
·U} (b) = -1 

' 
the efficient decision 

switches from b to a and St increases from 1 to 2. 

Actually among E SC D social choice functions only the egalitarian 

s. c. f. s satisfy the N DU a:-:iom. 

Theorem 2. 

Let A, N be given whh jNj ;;;,i: 3 and let S be a social choice 

function. 

i) If S satisfies the N AR and N DU axioms; then it is an egali-

tari an s. c. f. for some cr in the unit simplex of RA , S = "s (see 

formula (4)) 

ii) Conversely if S is egalitarian, then it satisfies N TP, N AR 

and N DU. 
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Proof 

Only statement i) needs a proof. 

From Step 4 in the proof of Theorem 1 we know that a s.c.f._ S 

satisfying N AR takes the form (14) where L is additive w.r.t. its first 

variable. We wri te now N DU : for any profile u and nonnegati ve 

ô 1 E R! we have : 

In view of (14) and denoting ! ~ = z,this reduces to 

~hich, by additivity of L, amounts to 

L(u
1
,nz) 

where B does not depend on u
1

• This holds for any 

the left hand term in this inequality must be identically 

zero: an additive function of is unifortrily bounded over RA only if 

it is zero everywhere. Thus L(x, y) = L(x, y') as soon as y <y', im­
Going 

plying that L(x,y)=L(x)does not depend upon y./ '.back to inequality (20) ,we 

get 

max z + L(u
1 

- z) 

hence by additivity of L 

_ 6min = 
1 

max 
supA z 
zER 

so that L is bounded from below over any bounded set of 

(21) 

Comhined 



- 25 -

with the additivity of L, this implies its continuity (see e.g. ACZEL 

[ 1966] Chap. 5), hence L(x) = x. <J for some cr in A 
[ . Inequality 

(2:) now implies that a is non negative and the invariance axiom that 

1. o = 1. This completes the proof of Theorem 2. 

Suppose that agent i's final utility level S. must be bounded from 
l. 

below by his utility at some ·(convex) public decision cr, to be interpre­

ted as an exogeneously given disagreement outcome. Then the corresponding 

egali tarian social chofce fonction emerges among E SC D ones. 

Corollary to Theorem 2 

Given A, N and a element cr in the unit sinplex of let s 

be social choice function satisfying the N AR and t:.e f:lllowing IR (Ci) 

a xi.or:: 

I R (a) Individual Rationality above cr 

u .• o ~ S. (u) 
l. l. 

all agent i , all profile u 

Then S equals as 
' 

the egalitarian s.c.f. above o. 

Proof 

From Step 4 in the proof of Theorem 1, a s .c. f. S satisfying NA R 

must take the form (14) for some L additive in its first variable. From 
it 

individual rationality/follows easily that L(x, z) is bounded from below 

for any fixed z: 



inf A L(x, z) > - œ 

xER 
all 
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z 

Henceforth, by the same argument as in the proof of Theorem 2, L must 

·be linear w.r.t. x namely 

L(x, z) = x. p (z) 

Going 
/ back to (14), we express the I R (cr) axiom as 

cr < max 1 
. p (z) all zERA X • z + (x - - z) X , 

n n 

This implies p(z) = cr all z • 

Another p~pe:::'t:.' of egali tari am s. c. f. s that L: not shareë. 

utilitarian s.c.f.s is continuity (S is continuous as a mapping 

f ~o.., ( RA)~ ' N) Th . 1 . . f . . . _ - 1nto R • at a ut1 1tar1an s.c .• 1s not continuous is 

easy to check : 1n the exa.!!!;ile before Theorem 2 suppose v
1 

(b) varie~ 

continuous ly from + 1 to - I then at v
1 

(b) = O both s1 and s
2 

JU=;>. !n ::=act ~r-~ ~ :: C = s.c.=. is ccntinuous if and onl:,:- if the :-:--.ap;1~T:.g 

- ~s ccntinuous. T~erefore egalitarian s.c.f.s are not characterized 

as continuous ESC D s.c.f.s. 

5. CHARACTERIZING UTILITARIAN SOCIAL CHOICE FUNCTIONS 

Definition 4. Given A, N we say that the social choice function S 

satisfies the Dummy axiom if 

0 .. = 0 all prof ile u 
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-:hose 
The Du=miy axiom says that unconcerned agents,/who do ~~t cc~tri-

::·..:.-:e to the cooperative surplus (from any status quo) should get no 

share of a cake they did not cook. 

?,v definition (6) util.itarian s.c.f.s do 

satisfy the Dul!!Ill.Y axiora. ~lso, egalitarian s.c.=.s vie-

late· ·it, since these arbitrations methods give an equal share of the sur­

plus to all agents, regardless of the magnitude of individual ·contributions. 

T:-.eoreo. 3 

Let A, N be given ~ith jNj ~ 3. The social choice function S 
and 

is utilitarian (there exists L satisfying (5) {7) such that (6) holds) 

if and only if it satisfies NTP, NAR and DUm!:IY, 

Proof 

If S satisfies NTP and NAR and jNj ;;;i, 3, then by Theorem 1 it 

is an E SC D s. c. f.. In view ofi formula (9) , the Dummy axiom amounts to : 

z • p(z) = max z 11 l.·n· RA a- z 

which is an equivalent formulation of (5) (given that p{z) is in the 

unit simplex of RA). 
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Of the three axioms characterizing utilitarian s.c.f.s two of them, 

namely N AR and Durnmy can be given an equivalent, more compact formulation. 

Definition S. Given A, and, for all n ~ 1, social choice funtions 

Sn for societies of size n, we say that the fan:ily { Sn,n=l,2 

1s indifferent to merging and splitting if for all n ~ 1, all profile 

u = (u
1

, ••• , un) and all t ~ n we have : 

= where T = {1, ••• ,t} 

Inequality means that the agents of · T 

would gain by merging into a single agent (syndicate), later dividing 

t themselves the joint utility allocated to the syndicate in the re­amo~gs 

duced society. The reverse inequality·means an incentive to split. 

The Dummy axiom is now modified to account for a family of social 

choice functions of all sizes. We say that the family {S1½, n;;:.. 1 satis fies 

* the Dummy axiom if we have : 



( 
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{ } { n n n-1 } u1 = 0 "* S1(u) = O and Si(u) = si. (u_ 1) all i ;;i,, 2 for all 

n ;.;,, 2 and all profile u. 

It is now a simple exercise, left 

following 

to the reader>_to check the 

Lem:::1a 

The 

only if it 

axiom. 

Corollary 

family { S0 h;;.i. 
1 

is indifferent to merging and splitting if and -
ixiom each Sn satisfies 

satis fies the· Dummy / and ,the Non Advantageous Reallocation 

Given A and a fa~ily ~n\i;;.,.i of social choice functions for all 

fi~ite societies, the two following statements are equivalent : 

i) {S0
}
0

;;.,. 1 is indifferent to merging and splitting and satisfies the 

No Transfer Paradox axiom for all n;;.,. 3. 

ii) Sn is an utilitarian social choice function for eachn ;.a. 1, and its 

tie breaking rule '[' (satisfying (5) (6)) is independent of n • 

Notice that in contrast,with Theorem 3 we have a characterization of 

utilitarian s.c.f.s., even for a 2 person society._ 
,. ' 

The indifference 

to merging and splitting axiom determines the s.c.f. s2 from s3 by : 

-
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6. SECURE UTILITY LEVELSOF EGALITARIAN AND UTILITARIAN S .C .F .S 

-Definition 6. Given A, Nanda social choice function S, its secure 

utility level is the real valued function h defined on RA 

= 

It re.presents the minimal utili ty level that an agent (any agent, in view 
axiom) 

of the anonymity /is guaranteed of when endowed with a certain utility 

function u
1

• For a maximinimiz±ng agent,the secure utility 
the 

level is / primary cri terion for comparing social choice functions. Within 

the class of ESC D s.c.f.s, the egalitarian s.c.f.s turn out to be best 

in that sense and utilitarian to be worst. 

Tneorem 4. 

Let A and N be given, with INI ;;., · 2. 

i) The secure utility level of the utilitarian s.c.f. 

(6)) is worth : 

= = 

s 
't' 

(given by 

ii) The secure utility level of the egalitarian s.c.f. 
0

s (given by 

(4)) is worth 

= for all 
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iii) If S is any ESC D social choice function given by (9) with 

associated secure utility level h, there exists an element a of the 
A unit simplex of R such that: 

all (22) 

Moreover if the right band side inequality in (22) is an equality for all 

h S . h l' . f CJ t en is te ega 1tar1an s.c •• S. 

Theorem 4 states that any ESCD s.c.f. has its secure utility level 
weakly dominated by that of an egalitarian s.c.f., and this domination =ust 

be strict somewhere if our s.c,f. is not egalitarian. !n view of Theorem J 

this yields one more characterization of egalitarian s.c.f.s : 

A social choice function i) satisfies the N T P and N AR axioos and 

ii) has an undominated secure utility level a::o.ong those satisfying i)" 

if and only if it i.s egalitarian. 

Proof of Theorem 4 

Statement i) and ii) are obvious. Let us prove iii). Take an 

ESCD s.c.f. Swith associated mapping p (see (9)) and a profile u. We 

note first that 

min 
U, 

l 

which in turn implies min < U, 
l 

S(u),giviri~ the lefthand inequality in (22). 
To prove the right band side, note that the secure utility level h can 
be written as : 
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l.'nf {zmax + ( ) ( )} u
1 

- z • p n z 
zeRA 

(23) 

and is therefore a concave function of u
1 

(as the infimum of affine func­

tions). Moreover 

h(O) = i nt {zmax - z p(n z)} = 0 
zER 

(take z = 0) 

There exists an hyperplane supporting at O the graph of h, that is to 

say there exists some C1 . RA in such that 

all 

~ ow h ( u 
1 

+ a: 1 ) = h ( u 
1 

) + a: for a 11 

since p (z) is in the unit sicplex of 

. RA u, in 

A and 
R ), / hence 

and in R (by (23) 

Tnis implies 1 . o = 1 • Next h is a non decreasing function of u
1 

(by 
and 

(23) again),Jience cr must be non negative. This concludes the proof of 

We prove the last statement of iii). Suppose h(u1) = UJ. a for 

all ut . does it follows that s = C1S? Using '(2 3) again this gives . 

ul. a < max + (u 1- z) p (z) for all z u 1, z 

u
1

• (cr-p(z)) <: max z - z p(z)forall u1,z 

The righthand side in this last inequality being independent of u1 we get 
which 

a - p(z) = 0, / was to be proved. 
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Co:Jcl~ding Comments 

A) All our results extend straightforwardly to the case where A is 

--say--a co~pact topological space and utilities vary i:J C(A), the space 

o= continuous functions over A • In that case a convex decision (as cr in 

(4) or p(~) in (9)) is simply a nonnegative linear form over C(A), 

conti~~ous w.r.t. the uniform convergence topology, which is worth 1 

at the constant function 1 ( Radon· probabili ty measure). If A is not endowed 

.-~:th ë.:JY topological structure and utilities vary in the space B(A) of 

uniformly bounded functions-over A, then our characterizations of egalitarian 

s.c.f.s still hold (but utilitarian s.c.f.s are no longer defined), with 

convex decisions covering the unit simplex of the dual space B:"=(A). 

3) The obvious way to enlarge the scope of the quasi-linear model would 

.::-:: to "":at:e into accour.t cost sharing arguments. Here we sL.-::;>ly deal with 

costless public decisions: this is formally equivalent to assume equal 

s~a~:.~g c= the cost across decisions. A first step in -:he suggested direc~ion 

:.s ta:,.çen in MOULIN [1983a] when costs are indivisible. The next step will 

~e to assume some cooperative technology (public goods allow exclusion so 

t~at the cost of a decision depends upon the coalition which produces it) 
, 

and enter the world of games in characteristic form. This is wide1y open to 

future research. 

C) In GREEN [1983] a model of quasi-linear bargaining is developed which 

bears close similarities to ours, However, GREEN studies social choice 

=unctions that depend only upon the set of utility vectors for various public 

decisions (in addition this set is taken to be convex): two public decisions 

with the same utility vector count for no more than one (in contrast with, 

say, the neutral egalitarian s.c.f. above cr*). 
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= ) !·'.est of t:-:e li terature on quasi-linear bargaining problems deals 

witt manipulations by misrepresentation of preferences, after the discovery 

o~ = rich family of strategy proof, truth revealing decision mechanisms by 

CLARKE [1971] and GROVES [1973], However appealing these mechanisms are, 

the·: fail to reach an efficient outcome (GREEN and LAFFONT [1979]) so that, 

fro~ a first best point of view, other game forms must be proposed where 

other equilibriu~ concepts can bring about full efficiency of the outcome: 

maxi:nin behavior is one possible such concept (DUBINS [1977], THOMSON [1979]) 

sophisticated Nash equilibrium is another one (MOULIN [1981, 1982a]). Egalitari, 

social choice functions are already known to suit nicely these two behavioral 

scenarios: the truth is their unique maximinimizing message whenever the 

fixe:3. convex ave:-age gives positive weight te every public decision (DUBINS [197' 

::-.:,reover a sir.1ple auction-like game form allows for their non-cooperati ve 

b:'.'ler.entation: see '.·'.OULIN [1982b]. 

:-.s utilitarü.:: social choice functions fail to satisfy the No Disposal 

of ·_·tility axior:,, t::ey have little normative appeal. However, axiomatic 

res·.:l ts similar to those presented here can be developed to jointly characterize 

uti:itarian s.c.f. and the (non budget-balanced) s.c.f. derived from the 

pivotal mechanism: see MOULIN [1983b]. 
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