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~5uzl sharing of the cooperative surplus is perhaps the simplest notion

WL

cf =izro-economic justice. In many contents, however, this principle is
hardly operational: without an objective numeraire, interpersonal comparisons

-

c® welfare increments are not possible.
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zssume here that all zgents have constant marginal utility for meney
ané side payments (unconstrained monetary transfers among agents) are feasible.
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vidual utilities are all measured in money, thus Paretec efficiency is
tantamount to maximizing the joint utility. In particular requiring

~—
3

fsiciency does not contradict any redistributive goal (no equity-efficiency

(21

il

Tormally we assume that agent i's utility takes the form ui(a) + T

e

is his monetary endowment and a summarizes &ll relevant nontonetary
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~icroeconomic rationality nas been carefullvw

znelvzel Dy BEWLEY [1977]: agents are endowed with a permanent incocme an

.

-neln environment does not fluctuate too much; in our centext this means that

In our economy, we have two goods, one pure private good {money) wit
zero initial endowment and one pure public good. An allocation is a public
decision a and a vector (tl,...,tn) of monetary transfers (constrained

by tl_+ cee v TS 0). The set of feasible public decisiomns is taken to

be finite, but this assumption can be easily relaxed (comment A in Section 7).

To compare the individual surplus at various public decisions one must

specify the reference utilify level from which these increments are computed.
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Z2cision) then our reference will be the corresponding utility levels.

=ore zeneral method goes by

cublic decisions as the (genmeralized) status quo.

mi

was originally proposed by DUBINS [1977]).

The gbove construction c

¢f oublic decisions,from wh

<he cverall Jjoint utility:
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itarian s.c.fs, that me
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zerfcrm no redistributive t
decision is unique).

In the quasi-linear cont

-

nation among public decisions, we can take

then associated an egalij

icular public decision is viewed as the status quo (or <isagreemert

A
picking any fixed convex combinations of the

For instance, to avoid

agent

level to be his average utility over public decisions (this rethod

To any such convex combination
tarian social choice function.

an be generalized by letting the convex average
ich the reference level is computed, depend upon

this yields the equal sharing ebove a convex

tions (in short E S C D). EBoth the ezalitarian

ce functions will be illustrzted in the particular

ision (Section 1) and definel with full generality
being we mention the other »rominent exawples
nctions (besides egalitarian s.c.fs.) narely the
rely select the efficient public decision and

ransfer at all (at least when the efficient public

ext, we characterize axiomatically egalitarianism,

utilitarianism and ,in general, the class of E S C D social choice functiomns.
Our two main axioms are as | follows:
benefit from an
- No transfer paradox: mno individual agent can /fex ante

contingent mMonetary ¢

or more

2ift to one/ of his fellow agents.

- No advantageous realloc¢ations:

no coalition of agents

into
can enter ex ante An enforceable contract specifying

i's reference
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certain monetary transfers within the ccalition,

contingent upon the final public decision, so as to
improve upon the final utility of all coalized
agents.
Soth axioms prevent specific t.actical maneuvers by which the agents try
-=c dis=ort the arbitration process for their own sake. An zdwvantageous
rezllocation is  coalitional insurance of the form: I give you $1 if

Zecision a occurs while you give me $2 if b occurs. This in turn modifies

our utiiity functions and, through the social choice function, the final

[41)
=
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0
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ation. Similarly a paradoxical transfer is a gift contingent upon

-he public decision such as: I give you $1 if a occurs and nothing otherwise.

Z might prove beneficizl to the donor. These manipulations, however,
c2lly differ from the familiar misrepresentation of preferences: a
cnlcel transfer (namely a beneficial one) and/or =zn acvantzgecus
wezllocation should both take place publicly: the whele peint is to have
~he referee acknowledge a skillful change in the utility profile, so as to
iniuce a favorable change in the redistributive transfers. In <he framework
of exchange economies these two kinds of manipulations are known to threaten
+he competitive equilibrium arbitration method for many preference profiles
configuration (see GALE [1974], GUESNERIE and LAFFONT [1978], BALASKO {19781,
CHICHILNISKY [1980] and POLEMARCHAKIS [1982]).

Here in the quasi-linear context is turms out (Theorem 1, Secfion 3) that

+he No Transfer Paradox and the No Advantageous Reallocation axioms together

characterize the class of E S C D social choice functions.
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Trz characterization of the egalitarian sccial choice functicns i1s even

"

s

.

simpler. If a (convex) status quo is exogenously given and the s.c.f. is
requireé to guarantee the corresponding utility level to each player (this

is the Individual Rationality axiom ; see Section 4) then No Advantangeous

suffices
lccation alone / (corollary to Theorem 2, Section 4). On the other
following
znZ, the comtination of No Advantageous Reallocation and the /No Disposal
cf Utility axiom characterizes all egalitarian s.c.f.s (Theorem 2,

Section 4) no matter what is their status quo.

-~ No disposal of utility: an agent cannot benefit from contingently

throwing away some of his own utility.

This axiom rules out blackmall <threats of the form: I burn scme of
i mzner  if this public decision is undertaken. Notice the analcgy of
crofizeble disposal of utility with profitable destruction of one's endownments

im amchange economiss where the competitive equilibriur arbitration rrevails

(s2ze LUVANNT znd PELEC [1974]).

rd

To characterize utilitarianism (Theorem 3, Section 5) the No Dispecsal of
Uzility axiom is replaced by the Dummy axiom: it says that an unconcerned
zzent (cne who values equally &ll public decisions) should not get any share

of a surplus to which he contributes nothing. Alternatively,utilitarianism

is characterized by the combination of the No Transfer Paradox and the

Indifference to Merging and Splitting axioms. This last axiom compares
social choice functions for societies of variable size. It says that a
coalition of any size t expects the same joint utility whether it goes to

the referee as t different units or as a single unit (with summed utility) in

therefore smaller society.



“ur last wesult (Theorem 4, Section 6) singles out Zgalitarianism z2nd
Uzilizarienism from the class of E S C D social choice functions by focusing

i zecure utility levels, namely the maximin utility level that an agent is .

o

uzranteed of whatever are the preferences of his fellow agents. It turns

[

+ that Utilitarian and Egalitarian social choice functions respectively
zrzvile the lowest and highest secure utility levels within this class,
wnlchl supports even more strongly the case for egalitarian arbitration methods.

Tirelly in Section 7 we comment upon several extensions of the model and

its relation to the literature.

Z) The Case of Binary Choices

We zssume throughout this section that only two public cecisions, deno=ed

stake. In this simple case the egalitarian, atilitarian and

(3]
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J
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ccizl choice functions are easily described.

s preferences are determined by the utility increment from declisiomn

' n
<z Zscisicen 1 nmamely s, = u,(l) - u.(0). Denote by s,.= I s. the
1 1l 1 i - 1
. i=1
t2tzl jcint increment from decision 0 to decision 1. Thus sy > 0
(reszzezively, sy < 0) means that 1 (respectively 0) is the unique efficient
decision; if s, = 0 both decisions are efficient.

% social choice function specifies for each profile (sl,...,sn) an efficient
putlic decision and a vector of transfers (tl,...,tn).
Suppose first that decision 0 is the status quo from which the available
. . . . G
sur>lus (if any) is to be equally split. This gives the egalitarian s.c.f. S:
- if decision 0 is efficient (sN < 0) then no

redistributive transfers take place: a = 0 and



- if decision 1 is the unique efficient public decision

(s, > 0) then a = 1 and the transfer t; to agent i

N

is chosen so as to insure that his surplus

u,(1) +t, - u,(0) = s, +t, is the same as
i i i i i

any other agent's surplus. Taking t. + ... + Tt = 0

1

into account, this gives:

Supp&se next that none of the public decisions emerges as a natural status
cuc (e.g., two town councils must decide upon the location of a facility to
>e used by both). Then a fair dévice is to take %{ui(o) + ui(l)] as the
reference utility level to agent 1 (one possible interpretation being to

zoss a fair coin between the two public decisions; yet the model developed

t
o)

this paper is entirely nonprobabilistic). Computing the transfers so
| 3
zs to equalize the individual surplus we get the egalitarizn s.c.f. °“S,

- if decision 1 is an efficient decision then & = 1
and:
1 _ 1 .
ui(l) tty - E{ui(l) +'ui(0)] = uj(l) + tj §{uj(l) + uj(O)] all i,

- si] .

1.1
so that t, = 5'[n Sy

- If decision 0 is an efficient decision then a = 0

! 1
and ti = 5-[51 ESN] .



o=ice that if both decisions are efficient both allocations

(a =1, ti::—% s; or as= 0, ti = %vsi) give the same utility to each

agent (namely %{ui(o) + ui(l)]) so it does not matter which one is chosen.
211 egalitarian s.c.f.s obtain as follows: pick 2, 0 <X <1 and take

~he reference utility level to be Aui(l) + (l—k)ui(o). By equating

‘nfi-ridual surplus from that level, we obtain the s.c.f. XS

- if 1 is an efficient decision (sN > 0) thena =1 N\

- s.]

= (1-0)
and s (1 >\)[D sy i ‘ -

- if 0 is an efficient decision (sN < 0) then

1
= .= Als, - =¢<.].
a 0 and tl [sl = N]

—— e - - e e G we e W

Cn Tigure 1 we take 1 +to be the efficient decision. When A goes

Frem 0 Tto 1, the reference utility vector moves from (ul,u2)(0) to (ul,u2)(l).

= describe now the £ S C D social choice functions. The idea, again,

1\

is to take for agent i's reference utility level a comvex combination:
Aug (1) + (l-k)ui(o) 0<xr<1

where the parameter X now depends arbitrarily upon the joint increment

's,, 2nd depends upon nothing else. You cangive more weight (or less weight)

N
+o a public decision because it generates more joint utility, but not
because it gives more utility to a particular agent. For instance take

o= ¢(sN) where ¢ is the cumulative distribution of some symmetrical

probzability measure on R.
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The Two Agents Case



Then 'S is given by formulas (1) (where, now, X depends upon SN).
for a=0,1 and b=1,0,

Interpret 'S as follows: /if a 1is the unique efficient decision then

the reference utility level will favor those agents who prefer a to b

(they are generating the surplus, and therefore deserve a greater share of

:<). The larger the joint increment in utility from - to a , the closer

the reference utility level will be to ui(a).
) eq s
Ln extreme element in the family °~S corresponds to a probability
distribution concentrated at O , henceforth:

‘A =0 if s,.< 0

N
A =1 if SN >0
A = 3 if sy = O

This is a utilitarian s.c.f. namely
- if a 1is the unique efficient decision, chcose it
and make no transfers t, = 0

- if both decisions are efficient, enforce the

utility level %ui(l) + %ui(o), (e.g. by choosing
1 .
a = 0 and t; =3 si).

Poncius-Pilatus
Here we have utilitarianism in the vein of /: the central planner

selects the efficient decision and performs.no redistributive transfers

(at least when it is uniquely efficient). He "washes his hands" of

\

the equity issue.

2. QUASI-LINEAR SOCIAL CHOICE FUNCTIONS

A quasi-linear decision problem is given by a set N of n individual

agents who jointly pick a public decision a within the finite set A .
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Decision a is public : no individual agent can be excluded from its
consumption (although his opinion could be ignored in the choice process);
it is also costless. Thus an outcome is a pair (a, t) where a €A and

= i : I t. = 0.
t = (t:i)iEN is a vector of balanced monetary transfers ien

For all i .in N, agent i's preferences are described by a vector u,
in R* so that his utility for outcome (a,t) is ui(a) e, Denote by
4 the  vector in RA whose all components equal 1. Then two vectors U, vy
in R.A,such that v, = u 4+ a4 for some real number ¢, represent the same
preferences over the outcome set and should therefore be identified. Pro—
verty (3) in the following definition takes care of this by stating that

the zero of an agent'sutility function plays no role.

Lelinition I. Given a society N and a set of public dacisions A, both

finite, a social choice function is a mapping § associating
. . AN cqs
to every preference profile u = (ui)iew in (R7)" a utility vector

S(u) 1in RN. such that :
s . . . p) = z (2)
S is effy:xent SN Si(u) max {iEN ui(a) }

- S is anonymous : for all permutation T of N, all i€EN and all

. . T, _ T, . T _
profile u : Si(u) s’r(i) (u) where u is given by U )

- For all i€EN and all profiles u,v such that v, = ui+ a1l rfor

some real o and ug = vy for j # i, (3)

S].:(v) = Si(u)+a and 'Sj(v) = Sj(u)_ all j # 1.
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Pick a profile u at which the maximum of {ié“l ui} is reached at

a unique decision a*. By efficiency of S it follows that there is only

one feasible outcome (a*, f"’) achieving the utility levels proposed by S.

on the other hand,
If’/iéN u, reaches its maximum at several decisions, several such out—

comes exist : that the tie breaking rule should play no role is an im-

plicit premise of Definition 1.

<« .,
{&T Si for any coalition

. max .
T in N. We also denote z = max z(a) for any utility =z

ach

in IRA. Thus. condition (2) is rewritten as : S\:(u) u\lmax‘

Notation : We denote Up = iéT ug and ST =

1t

zalitarizn social choice function

Pick an element o in the unit simplex of A

= z =
g (oa)aeA s %2 1, ca 2 0 all a

-

To each preference profile u and each agent i associate his reference
- . = E

utility level ui.o 2=A ui(a) Ua . Above the reference vector

(ui'c)ieN the following surplus is left

max _ y . max _
U T iEnY%% T %y Two=0
The egalitarian s cf associated with o shares equally this surplus ; it

is denoted US. Henceforth :
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g 1 , max - . .
| Si(u) = u.0+ -ﬁ-(uN - uN.O);orall profilesu, ard agentsi )

does
The only egalitarian s.c.f. that '/ not discriminate among-public decisions

corresponds to the barycenter d* of the unit simplex (d: = 1/34, For
all = in A) .This was proposed by DUBINS [ 1977] as a fair decision

device for quasi-linear problems.

Utilitarian social choice functions

.o - . . . . - . +*
whenever a profile u has a unique efficient public decision =&

i .e. for zlzost all profiles) an utilitarism s.c.f. selects that decision

~
B

)

~3 makes no acnetary transfers. If several such efificient cecisions
eiis:, we lezve some freedom of choice to the utilitarian referee, namely
that of achieving (by appropriate transfers) any convex combination of the
efficient decisions. However the coefficients of this convex corbination
depend upon the joint utility Uy only : a utilitarian referee

may not indirectly achiéve some redistributive goal by weighing

more some efficient decisions because certain agents like them more.

Formally let T be ‘any mapping from KA into its unit simplex such

that z.1(2) = 2"2% . a1l z, or equivaléntly :

‘r(z)a > 0 = 2z(a) = P (3)

cqe . . T .
Then the corresponding utilitarian s.c.f. is denoted 'S and defined :
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for all profilesu and agents i.

6. T () (6)

TSi(u)

In order that (6) satisfy our definition of a social choice function one must in

s32ition  satisfy the invariance axiom (3). This amounts to:

T(z+al) = 1(z) all z in R*, all a in R (7)

Fqual sharing above a convex decision

This class includes the two previous ones. Let p be any mapping from RA

into its unit simplex such that
c(z+al) = p(2) all z in R4 , all a in R (8)

To p we associate the following E SCD social choice function :

1 max S all profile u
S. = - + , - - . 9
l(u) n (ul n uN) p(LLN) all agent i ( )
Thus an average agent (i.e. u, = -—Il‘ u.N) gets exactly his fair share

of the maximal joint utility, while an non-average agent is subsidisied or

. . . s 1
taxed in proportion to his (vector) deviation U, = oo Uy

\

A more transparent interpretatiom of (9) obtains by rewriting it as

S = v el + ¢ ™ - uy. P ()

Interpret p(u,) as the convex decision at which the reference
Tp pluy

utility level is taken : this decision can vary as the joint utility
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varies but it cannot favour a particular agent or cocalition of agents.
Now formula (9) expresses that the surplus left over the reference utility

levels, namely u.r:]aax - Uy p(u.N) is equally shared amomg the agents.

Here are some examples of E S C D s.c.f.s. We impose meutrality (no
& for
¢iscrimination among outcomes): just as %g (og =1/#A/k11 a )

s0
is the only neutral egalitarian s.c.f., fhere is one neutwral utilitarian

™ . e . .
s.c.f. namely S where 1% satisfies (5) and, in addition:
T*(z)a = 'r='=(:z)b whenever =z(a) = z(b) = z .

For any number X, 0 < X < 1, the convex combination p(z} = Ao® + (1-N7t#(z) it

2,
ek 1
<

comsromise between sand _,S. In fact X can depend arbitrarily upon z,

zs leng as A(z+al) = A(z) for all z e IRA , 0 e R ., For instance

max . . . . .
.= Q(uﬂ.T - uw-ov-) where & 1s decreasing (increasing) means tha: the

>

larzer the average surplus the more utilitarian (the more egalitarian)

is the corresponding allocation.

3. ADVANTAGEQUS TRANSFERS AND REALLOCATTONS

Definition 2. Given A, N and a social choice function S we say that

S satisfies :

i) the No Transfer Paradox axiom (in short N TP) , if for all profiles

and agent 1
u, v /we have

{ui< ve and v3< uj all 4 #31i and ug = vN} = {Si(u) < Si(v)} (10)

ii) .the No Advantageous Reallocation axiom (in short N AR), if one can

not find two profiles u, v and a coalition T such that :
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for
{v, = v, all je = v ) { i
v vy allj N\T} and {u.r vpd and {S;(u) <S5, (v)/all i€T }(11)

The N TP axiom rules out unilateral gifts contingent upon the final
choice, namely transfers of the form : if the public decision is a, agent
1 gives 6j (a) 0 to agent j, j # i. Such a gift in effect changes v
to u.=vj+c5j , all 7 #4 and vy to ug - z :. Property (10) says

] J#1
precisely that such changes cannever be profitable to agent 3.

The N AR axiom says that coalitional insurance against the
public decisioncannotbe profitable to all members of that coalition. Both

kinds of manipulation (unilateral gifts and coalitional reallocations) are:

i) publicly performed, since the referee rust acknowledge the corres—
sznding change of the utility profile in order that it has any effect cn

tne “inal transfers;

"ii) contingent upon the final choice of the public decision (by the
invariance axiom (3) a constant transfer or a constant reallocation is

simply added to the socially chosen outcome).

The combination of N TP and N AR proves to be quite powerful.

Theorem 1.

Let A, N be given. Then an E SCD social choice function (equal
sharing above a convex decision, given by (9)) satisfies both the NTP and
N AR axioms. Conversely suppose N contains at least three agents. Then a

social choice function satisfying both NTP and N AR must be some ESCD s.c.f..
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Proof

STEP 1 S satisfies N AR if and only if for all profiles u, v and

all coalition T we have :

{uT = v, and u, = v all € N\T} = {ST(u) = ST(V)} (12)

Clearly (12) implies NAR. Conversely suppose (12) fails for sore

u, v and T :

7o U5 TV all jEN\T, ST(u)< ST(V)

Setting « RN [S.(v) = S.(u)] we define
'Tl T T

1

for all i€T w. = v, * [Si(u) - Si(v) +acl]. 4

for all JFENA\T wj = Vj= u

j
Next we check that 'w,r = Vp = U and compute by (3)
Si(w) = Si(u) + o> Si(u) for all ieT

Thus S violates NAR,
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STEP 2. S satisfies NTP and NAR if and only if for all

profiles u, v we have :

{u < v

. 3 and uy = VN} = {Si(u)< S.l(v)} (13)

First of all (13) implies (10). To prove that (13) implies (12)
choose two profiles u, v and a coalition T satisfying the premises of

(12). Applying (13) successively with 3JEMT in place of 1| gives :
Sj(u) = Sj(v) all JEMT

Besides, by efficiency of S we have
SN(u) = SN(V)

Combining the last two equations gives ST(u) = ST(v) as was to be proved.

We prove now the only if statement. Pick two profiles as in the
premise of (13). Next construct some utility function wj, jeEMN1l such

that

. . j i
ST u, all jeEm\

this is posublg since Wy, < Uage Then we have

(10) = s, (u) < S (v,, w )
21 1YV M1

A2) = sy ¥ ) = S @ S w ) = 5

(the last implication by the efficiency of S). This proves (13).
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STEP 3. An E SCD social choice function satisfies N TP and N AR,

This follows Step 2 and formula (9).

STEP 4. A s.c.f. satisfying NTP and NAR is an ESCD.

let S be a s.c.f. satisfying NTP and N AR. By step ! the sum
SN\;‘_ ‘1s, fqr all 1, a function of uN\l and us only. Since S:.L + sN\i

depends upon only, we can write S,
uy onl: i

Si(u) = M(ui, UN) all i€EN, all profile u
. . _. A2 . .
where M 1is real valued and defined on (R7) . Notice that the function

¥ does not depend on i by virtue of the anonymity axiom.

Now =&Dply property (12) to coalition T = {1,2}:

Ut oy, = vyt v, = M(u],uN) + M(uz,u.N) = M(v],u.N) + M(VZ,I.LN)

For all x, y, x' in IRA, we can find, since [N} > 3, a profileu

such that u, = x,

) u2=x,uN=y,hence :

M(x, y) + M(x',y) = M(0,y) + M(x+x',y) for all x, x', y.
Setting L(x,y) = M(x,y) - M(0,y) this formula just says that L is
additive w.r.tox. Moreover,by efficiency of S, we have

max
)

A TR R U R CTL SR CRU N I U

Using the additivity of L w.r.tox we get :
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max

1 .
M(O’Y) = y - EL(y, Y)

]
3
and,finally,

1
S;) = Llu, u) + M0, u) = + ¥+ Llu, u) - 1Ly, u)

An additive function on RA is linear with respect to rational

scalars so that ;’;L(x, y) = L (% X,y). Thus we have for all profiles u

1 max

|
S;(0) = gug T+ Llym Suyg, w) (14)

Apply now property (13) : we get that 1 is 2 non decreasing function of

its first variable

x < x' = L(x,y) < L&', y). (15)

We use now the invariznce axiom (3) to derive a sizilar invariance
y of L. Teke a profile u and a number o z-4 ccasider profile v:
v. =u, +aodall i. By (3) 8;(v) = S;(u) + @ . Applying (14) to both

sices of this equality gives,zfter some computation:

] 1 | ) 1 .
-_-(ui-EuN,uN+na1)-L(ui-;uN, uN) .

»

(s u and a were arbitrary we conclude:

Lx,y+ad = L(x,y) all x,v ¢ IRA s 0 eR (1s)

\

Take now a profile u , a number o and consider Wi we = ou. 4 al,
Wy o= u all j # i. By (3) Si(w) = Si(u) + @ , which combined with
(1) gives:

1 n-1 - 1 n-1
P gt ed oy v e = Ly - S ) s 22
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Since u, o and i are arbitraryswe get
n o« for A
L(x+ai,y+n—_—l<!1)= L(x,y) +a /allx,yeR , aeR ., (17)
Property (16)(17) together imply:
for A
Lix+ al,y) = L(x,y) + o /all x,y e R , ¢ eR
The latter invariance property together with the monotonicity (15) imoly
that L is continuous in its first variable (in fact L is l-lipschitzian
w.r.t. the supremum norm on IRA). Being additive and continuous the fumction

% -*'L(X,y) is linear, whence L  takes the form

L(x, y) = x.pP(y) For all x,vy.

for some mapping o from RA into itself. From the monotonicity a2

»
FxY

invariance of L again, we get that p(y) 1is in the unit simplex of R

and the proof of formula (9) is complete. The invariance property (8)

follows from that of L. QED

Suppose the mischievous agents in coalition T implement the
following mixture of public/pfivate monetary reallocations’: first a
public contract enforées the change from u, to v., i €T, next some
private reallocations among T redistribute the joint utility ST(v). This

can prove profitable to every member of T if and only if ST(u) < ST(V)-

Now step 1 implies that this two step reallocation cannot occur if the

one step reallocation described by (11) is impossible.
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neither
The next two examples prove that / of the two axioms N TP and

N AR implies the other.

First -+ take a mapping P from RA into itself and define :
For
Si(u) = %ux;ax + (u - = uN) . P (uN) /all profiles u..

This.in turn is a social choice function as soon as p satisfies

A

L}
—

1. p(x) for all x in R

In that case.it satisfies N AR (use step !).. Next NTP holds if and only

if p(x) 1s a non-negative vector of RA. Hence many examples of s.c.f.s
and,

satls fving N AR but not NTP. For instance pick T s.zisfying (5) /(7)

and ,/ G  the barycenter of the unit simplex. Then define

puy) = 2T(w) - G = 5,(w) = 2 u.T(u) -u-.O-—-(u.N u,qc)

To construct a s.c.f. satisfying NTP but not N 4R is not difficult
either. To each profile associate the (subadditive) game in characteristic

function form

_ max
V(T) = U

Then take S(u) to be the Shapley value of that game.

For instance if N = {%,2,3} R sl(u) is



) + _é_(ur;ax + umax - zumax) (18)

max 1l , max max _max
v 3 1

2u23

Clearly (18) defines a social choice function. To check N TP pick
with i=1 containing
two profiles u, v satisfying the premises of (10)/ Then for all T not/,
containing 1

< . - - - =
vp S up, whereas for all T/ fUp = U Uan < Y8 T VBT Vo - The

right'hand inequality in (10) follows. But NAR is violated since Sl

i's not a function of u, and u

1 23 only.

4. CHARACTERIZING EGALITARIAN SOCIAL CHOICE FUNCTIONS

Cefinition 3. Given A, N we say that the social choice function S

satisfies the No Disposal of Utility axiom (in short N DU)

if Si is non decreasing w.r.t. the variable u ;¢ for all profiles u, v

and agent i,

{fu;€ v; and u. = v, all J# oy = {s,(uw) < s,(v) } (19
— 3 1 i
The NDU axiom rules out profitable self punishing policies of the
form : if decision a 1is taken I cut my left arm, if b is takemn I cut
my right arm . It holds true for an egalitarian s.c.f. since (4) can be

rewritten as :
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o] _ n-l 1  max ]
Sp(w = S g % T i ©
On the other hand it fails for all utilitarian s.c.f. as the following

examples shows : A= {a, b} N= {1, 2}
vl(a) = 2 v](b) = 1 ; u2(a) =0 u,(b) =2

From v, to u u](a) =2, Aul(b) = -1 , the efficient decision

switches from b to a and Sl increases from 1 to 2.

-

Actually among E SCD social choice functions only the egalitarian

s.c.f.s satisfy the NDU axiom.

Theorem 2.

Let A, N be given with |N| = 3 and let S be a social choice

function.

i) If S satisfies the NAR and NDU axioms; then it is an egali-

c

tarian s.c.f. : for some O in the unit simplex of RA , S= "8 (see

formula (4))

ii) Conversely if S 1is egalitarian, then it satisfies N TP, N AR

and NDU.
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Proof

Only statement i) needs a proof.

From Step 4 in the proof of Theorem | we know that a s.c.f.. S
satisfying N AR takes the form (14) where L is additive w.r.t. its first
variable. We write now NDU : for any profile u and nonnegative

A
61 € R+ we have :
S](u) < Sl(u1+ 61, u_l)

In view of (14) and denoting -:IU.N = 2z, this reduces to

P L(ul— z,nz) < (z+ Glinax + I..'(ul—z+£%l 51,n2+ 61) (29

which, by additivity of L, amounts to

L(u,, nz) - L(ul,nz+5l) < B(z,Sl)

] >

A

where B does not depend on u,. This holds for any u,,z € RA, 6, € R,

l’

hence the left hand term in this inequality must be identically

zero : an additive function of U, is uniformly bounded over RA only if

it is zero everywhere. Thus L(x, y) = L(x, y') as soon as y <y', im-
Going

plying that L(x,y)=L(x)does not depend upon y./ back to inequality (20) ,we

get
22X 4 L(ul-z) < (z+51)max+.L(u1-z+n;f16l)

hence by additivity of L

_ smin _ max _ ax n-1 21
7 = sup, 2 (z+ 6 % < L 8) (21)

~

so that L 1is bounded from below over any bounded set of Ri . Combined
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with the additivity of L, this implies its continuity (see e.g. ACZEL
[ 1966 ] Chap. 5), hence L(X) = x.0 for some O in A, Inequality
(22) now implies that O 1is non negative and the invariance axiom that

1.0 = 1. This completes the proof ¢f Theorem 2.

Suppose that agent i's final utility level Si wmust be bounded from
below by his utility at some (convex) public decision G, to be interpre-
ted as an exogeneously given disagreement outcome. Then the corresponding

egalitarian social choice function emerges among E SC D ones.

Corollary to Theorem 2

Given A, N and a element O in the unit simplex of RA, let S
be social choice function satisfying the N AR and the following I R (0)

axiom

IR (0) : Individual Rationality above O :

u.. 0 < Si(u) all agent i, all profile u

'

Then S equals S, the egalitarian s.c.f. above O.

Proof

From Step 4 in the proof of Theorem 1, a s.c.f. S satisfying NAR
must take the form (14) for some L additive in its first variable. From
it
individual rationality/follows easily that L(x, z) is bounded from below

for any fixed 2z :
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ianL(x, z) > - all z in RA

X€R
Henceforth, by the same argument as in the proof of Theorem 2, L must

‘be linear w.r.t. x namely

L(x, z) = x.p(2)

Coing
/ back to (14), we express the I R(0) axiom as :

max A

X, 0 < z +(x-%z).p(z) all x, z€R

1
n

This implies p(z) = 0 all =z.

Another proverty of egalitariam s.c.f.s that 1 not shared
=--  utilitarian s.c.f.s 1is continuity (S 1is continuous as a mapping

AN . N e . . . .
from (R) into R). That a utilitarian s.c.f. 1is not continuous is

easy to check : 1in the example before Theorem 2 suppose vl(b) varies

continuously from + 1 to -1 : then at v](b) = 0 both Sl and S,

th

centinuous if and only if the mapuning

1

<

[
)]

Z o n ~
n J&cT ) S.2.T. X

)

T

juro,

: Is continuous. Therefore egazlitarian s.c.f.s are not characterized

-

as continuous E S C D s.c.f.s.

5. CHARACTERIZING UTILITARIAN SOCIAL CHOICE FUNCTIONS

Definition 4. Given A, N we say that the social choice function §

satisfies the Dummy axiom if

u, = 0 = Sl(u) = 0 all profile u
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‘ ~hose
The Dummy axiom says that unconcerned agents, /who do =ot coatri-
to the cooperative surplus (from any status quo) should get no

share of a cake they did not cook.

v definition (%) utilitarian s.c.f.s do
~lso, egalitarian s.c.f.z vice-

DY

satisfy the Durmy axiom.
late 'it, since these arbitrations methods give an equal share of the sur-
plus to all agents, regardless of the magnitude of individuel ‘contributions.

-
I¥| > 3. The social choice function §
and

Let A, N be given with
is ytilicarian (there exists T satisfying (5) A7) such that (6) holés)

if and only if it satisfies N TP, N AR and Dummy.

then by Theorem 1 it

If s sacisfiés NTP and NAR and |N| > 3,
is an ESCD s.c.f.. In view of formula (9), the Dummy axiom amounts to :
\ in- RA
is in the

max
z all =z

z .p(2)
which is an equivalent formulation of (5) (given that p(z)

unit simplex of RA).
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Of the three axioms characterizing utilitarian s.c.f.s two of them,

namely N AR and Dummy can be given an equivalent, more compact formulation.

Definition 5. Given A, and, for all n 21, . social choice funtions

sn

is indifferent to merging and splitting if for all n = 1, all profile

u = (ul,..., un) and all t< n we have :
- + .
srT‘(u) = s? t l(uT’utH""’un) where T = {l,...,t}
. n n-t+} _
Inequality S.(u) < § (4, u_.,5...,u ) means that the agents of T
T 1 t+l n

would gain by merging into a single agent (syndicate), later . dividing

amongst themselves the joint utility allocated to the syndicate in the re-

duced society. The reverse inequality means an incentive to split.

The Dummy axiom is now modified to account for a family of social

choice functions of all sizes. We say that the family {:Sn'}u>l satisfies

*
the Dummy axiom if we have :

. . . N
for societies of size n, we say that the family {5 ,n=1
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1

{u) =0} = {s{(w) = 0 and Sf(u) =] (u_|) all i>2} for all

n# 2 and all profile u.

It is now a simple exercise, left to the reader,_ to check the

foilowing :

Lerma

The family {SD:}>I is indifferent toIPerging and splitting if and ~
n= xiom each S satisfies
only if it satisfies the Dummy /and Ahe Non Advantageous Reallocation

axiom.

Corollary

Given A and a family §n]ﬂ>l of social choice functions for all

finite societies, the two following statements are equivalent :

i) {Sn}n>ﬂ is indifferent to merging and splitting and satisfies the

No Transfer Paradox axiom for all n = 3.

rd

ii) s® is an utilitarian social choice function for eachn > 1, and its

tie breaking rule T (satisfying (5) (6))is independent of n ,

Notice that in contrast .with Theorem 3 we have a characterization of
utilitarian s.c.f.s. even for a 2 person society.. The indifference

to merging and splitting axiom determines the s.c.f. S? from 83 by :

2 3
Sl(ul’ u2) = Sl 2(ul, 0, u2).
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6. SECURE UTILITY LEVELSOF EGALITARIAN AND UTILITARIAN S.C.F.S

Definition 6. Given A, N and a social choice functiomn §, its secure

utility level is the real valued function h defined on RA :

h(u) = inf, o0 S (w) for u, in R®

u_lE(R )y ]

It represents the minimal utility level that an agent (any agent, in view
axiom)
of the anonymity /is guaranteed of when endowed with a certain utility
function u,. For a maximinimizing agent ,the secure utility
the
level is / primary criterion for comparing social choice functions. Within

the class of ESCD s.c.f.s , the egalitarian s.c.f.s turn out to be best

in that sense and utilitarian to be worst.

Theorem 4.

Let A and N be given, with |N| > 2.

i) The secure utility level of the utilitarian s.c.f. TS (given by

(6))is worth :

_ . min - .
‘rh(ul) = u g%ﬂ ul(a) forall u,

ii) The secure utility level of the egalitarian s.c.f. s (given by

(4)) is worth :

ch(u]) = u.o for all u
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iii) If S 1is any ESCD social choice function given by (9) with
associated secure utility level h » there exists an element O of the

unit simplex of RA such that :

R < B(u)) S u,.0 all u in & (22)

Moreover if the right hand side inequality in (22) is an equality for all

o

u, then S 1is the egalitarian s.c.f. °s.

-

Theorem 4 states that any ESCD s.c.f. has its secure utility level
weakly dominated by that of an egalitarian s.c.f., and this domination =ust
be strict somewhere if our s.c.f. is not egalitarian. Im view of Theorem ]

this yields one more characterization of egalitarian s.c.f.s :

A social choice function i) satisfies the N TP and N AR axioms znd
ii) has an undominated secure utility level among those satisfying i)

if and only if it is egalitarian.

Proof of Theorem 4

Statement i) and ii) are obvious. Let us prove iii). Take an

ESCD s.c.f. S with associated mapping P (see (9)) and a profile u. We

A}

note first +that

min 1  max min 1 min i
R T T A e R RO

n
which in turn implies u'imn_ < S(u)giving the lefthand inequality in (22).

To prove the right hand sidé, note that the secure utility level h can

be written as :
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h(u) = inf {223 & (u,-2). p(n2)} , (23)
zeR

and is therefore a concave function of u, (as the infimum of affine func-

tions). Moreover

h(0) = ing {z"%* - zp(nz)} = 0 (take z = 0)
ZER

There exists an hyperplane supporting at O the graph of h, that is to

say there exists some O 1in rA such that

h(u]) <'u].0’ all u,

Now h(u1 +0l1) = h(ul) + 0o for all u, in RA and @ in R (by (23)

. . agnd
since p(z) 1is in the unit simplex of R ),/ hence

h(u])+a < ul.0+a’i.d allul,cx

This implies 4.0 = 1. Next h is a non decreasing function of wu, (by

]

and
(23) again) hence O must be non negative. This concludes the proof of

We prove the last statement of iii). Suppose h(ul) = u,.0 for
all u, does it follows that S = US 2 Using (23) again this gives

u,.0 L zmax_"’ (ul- z) p(z) forall u, z

max

u].(c-p(z)) < z - z p(z)forall u,, 2z

],

The righthand side in this last inequality being independent of u, we get
which -
o -p(z) = 0, / was to be proved.
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Ccacluding Comments

A) All our results extend straightforwardly to the case where A is
--say--a compact topologiceal space and utilities vary in C(%), the space
of continuous functions over A ; In that case a convex decision (as ¢ in
(4) or p(uN) in (9)) is simply a nonnegative lineaf form over C(A),
~continuous w.r.t. the uniform ccnvergence topology, which is worth 1
at the counstant function 1 (Radon probability measure). If A is not endowed
with zny topological structure and utilities vary in the space B(A) of
uniformly bounded functions-over A, then our characterizations of egalitarian
s.c.f.s still hold (but utilitarian s.c.f.s are no longer defined), with
convex decisions covering the unit simplex of the dual space B(A).

B) The obvious way to enlarge the scope of the guasi-linear model would

z to take into account cost sharing arguments. Here we sizply deal with

0

ostless public decisions: +this is formally equivalent to zssume equal

&

starinz of the cost across decisions. A first ster in the suggested direction

s takén in MOULIN [1¢83e] when costs are indivisible. The next step will
be tc assume some cooperative technology (public goods allow exclusion so
that the cost of a decision depends upon the coalition which produces it)
and enter the world éf games in characteristic form. This is widely open to
future research.

C) In GREEN [1983] a model of quasi-linear bargaining is developed which
bears close similarities to ours. However, GREEN studies socizl choice
functions that depend only upon the set of utility vectors for various public
decisions (in addition this set is taken to be convex): +two public decisions

with the same utility vector count for no more than one (in contrast with,

say, the neutral egalitarian s.c.f. above o%).
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7) Mest of the literature on gquasi-linear bargaining problems deals
with manipulations by misrepresentation of preferences, after the discovery
of =z rich family of strategy proof, truth revealing decision mechanisms by
CLARKE [1971] and GROVES [1973]. Howevef appealing these mechanisms are,
thew fail to reach an efficient outcome (GREEN and LAFFONT [1979]) so that,
from a first best point of view, other game forms must be proposed where
other equilibrium concepts can bring about full efficiency of the outcome:
maximin behavior is one possible such concept (DUBINS [1977], THOMSON [197¢9])
sophisticated Nash equilibrium is another one (MOULIN [1981, 1982a}). Egalitari:
social choice functions are already known to suit nicely these two behavioral
sceﬁarios: the truth is their unique maximinimizing message whenever the
fixed convex éverage gives positive weight tc every public decision (DUBINS [197
morsover a simple auction-like game form allows for their non-cooperative
implementation: see ¥OULIN [1982b].

£s utilitarizn social choice functicns fail to satisfy the No Disposal
of ;tility axiom, they have little normafive appeal. However, axiomatic
results similar to those presented here can be developed to jointly characterize
utilitarian s.c.?. and the (non budget-balanced) s.c.f. derived from the

pivotal mechanism: see MOULIN [1983b].
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