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MONOPOLE SYNDICAT ET VALEUR DE SHAPLEY 

A PROPOS DE QUELQUES CONJECTURES 

par Roger GUESNERIE 

Au cours des années récentes, to~un courant de la recherche, ins

piré par des théoriciens des jeux, s'est attaché à l'explication du 

"pouvoir de marchandage" que sa taille donne à un agent dans une négo

ciation, avec l'espoir, sans doute trop hâtif, de bâtir une théorie 

économique du ~pouvoir" des syndicats ou des monopoles. 

En fait, étant donné un concept de solution en théorie des jeux 

- c'est-à-dire une hypothèse sur le mécanisme de négociation et sur le 

type d'issue que le jeu connaîtra - deux concepts de stabilité des 

"syndicats" peuvent être définis, 

• Pour le premier, le syndicat doit être avantageux dans le sens où ses 

membres reçoivent plus quand ils sont syndiqués que quand ils sont tous 

non-syndiqués ; (A-Stabilité) 

. Pour le sscond,un joueur syndiqué doit recevoir plus qu'un joueur 

semblable qui,est non-syndiqué, (B-Stabilité) 

Avec le concept de solution le plus classique, le coeur, ces deux 
·types de stabilité ont été étudiés dans le cadre d'une économie d'échange 

à agents nombreux. Les conclusions largement négatives obtenues sur la 
stabilité des syndicats et des monopoles ont conduit AUMANN à affirmer 
que "le concept de coeur n'est pas le véhicule convenatle à l'explica

tion de l'avantage du monopoleur" et à émettre la conjacture que le 

concept de valeur de SHAPLEY étant mieux adapté à l'analyse du "pouvoir de 

marchandage" des agents de "grande taille". 
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L'objet de cette note est d'étudier et de réfuter cette conjecture. 

Dans une première partie, on présente le problème et on définit ri

goureusement les concepts de stabilité de syndicats - relativement 

à un concept de solution de théorie des jeux - évoqués ci-dessus. 

Une seconde partie est consacrée à l'exposé de résultats prélimi

naires sur le calcul de la valeur de SHAPLEY dans des économies d'échanges 

dont les agents ont des préférences homothétiques. 

La 3ème partie envisage le premier concept de stabilité (A.Stabilité). 

On y exhibe une classe d'économies à agents nombreux dans laquelle 

il est avantageux (au sens de la A.Stabilité) de se syndiquer. Cependant 

on montre que des modifications des préférences convenablement choisies 

conduiraient à une conclusion inverse. Ce dernier exemple met en évidence 

certaiœspropriétés mal connues de la valeur de SHAPLEY (disparitions 

de "l'ordinalité" qui vaut pour des économies à agents nombreux sans 

atomes). 

La quatrième partie concentre l'attention sur le second concept de 

stabilité :on donne un exemple numérique d'une économie où les agents ont 
resquilleurs · 

intérêt à se comporter en/Vis-à-vis du syndicat dès lors que celui-ci 

existe. 

Quelques énoncés" positifs" suggérés par l'analyse précédente sont 

démontrés en annexe dans le cadre d'un espace mesuré d'agents avec atomes. 

Il apparaît en conclusion que les exemples considérés n'ont rien de 

pathologiques et que le concept de valeur dé SHAPLEY ne prend en compte 

que très imparfaitement le pouvoir de "me~~~e" qui détermine la force dans 

la négociation d'un agent de "grande taille" et rend la collusion béné

fique. 
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I - INTRODUCTION CONCEPTS OF STABILITY OF SYNDICATES, 

Observations of real situations suggest that the strength of 

an agent in a negociation process increases with its size. Especially, it 

is commonly believed that binding agreements between a group of agents do 

improve their bargaining power and are advantageous for the agents of the 

group. For giving a theoretical basis to such a conjecture, several kinds 

of approaches can be considered, One of the most attractive consists in 

trying to find a rationale for such phenomena in modern game theory, The 

abstract modelling of situations involving conflicts and cboperation and 

the conceptual tools developed in this fiels, seem a~propriate for a 

theoretical analysis of the influence of binding agreements on the outcome 

of bargaining processes. 

In this persoective, recent works on economic games in the 

framework of a measure space of economic agents focused the attention on 

the existence of atoms (see SHITOVITZ [1973], DREZE and Others [1972]). 

Such "atoms" ,can be interpreted as resulting from binding agreements 

between a group of agents and, for example, can be considered as providing 

an abstract formalization of syndicates of traders (cf. GABZEWICZ and 

OREZE [1971]). This article refers to this current of research. Following 

GABZEWICZ-DREZE [1971], we will term a syndicats a group of identical agents 

-i.e,, in the context of an exchange economy a group of agents, all of them 

having the same ini tië'll endo 1A.':;,ents And the same preferences- who agree that 

"no proper subset of them will form a coali tian wi th traders out si de the 

group, so that only the groupas a whole will enter into broader coalitions", 

A monopoly will be a special syndicats (which can redues to a single agent) 

owning the total quantity available in the economy of a given commodity, a 

definition conforming to that of AUM/l.NN [1973]. 

The study of syndicates or monopolies so defined raises the 

question of their stability, i,e,, of the willingness of the members of the 

syndicats to stay in the syndicats and it is natural to suppose that such a 

stability will depend upon the advantages the syndicats gives toits members, 

Actually two cornparisons seem relevant to evaluate the advantages of a syndi

cats as perceived by one of its members. The first one is the cornparison of the 
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utili ty of this member associated with the out corne of the game when. there 

is a syndicats, and his utility when there is no syndicats : this is 

AUMANN's notion of advantage· ~97~, The second ono is the comparison of 

the player's utility when he is syndicated with the utility of an unorga

nized agent which has the same rescurces and the same preferences as he 

has; the notion a~ marginal stability of GABZEWICZ-DREZE [1971] is 

based on such a comparison. 

Let us give a more formal definition of these two notions, 

For that,lst us consider a N players cooperative game on which for the 

sake of simplicity the following assumptions are made( 11 : 

- Dutcomes of the game are représented by a N uple of vectors of JRQ. 

and are denoted x =cx
1

, ... ,YN) (x c JRtN) 

- Player i is only concerned by the i 
th vector of x, x. (x. c JR

1
) • 

J. J. 

Preferences of player i are represented by a preordering defined 

appropriate subset of JR 2 and denoted a., 
"'J. 

on an 

N - A characteristic 'set function defines the possibilities of the 2 ad-

missible coalitions, by associating to each coalition Sa subset 

V(S) c JRQ, 1 S 1 (wi th usual notations), 

For such agame diffsrent solution concepts may be considered. 

Each of them rest upon "equilibrium" notions or reflects ideas about the way 

the gaine is played, the bargâining power of the agents and defines accordingly 

»reasonable" outcomes for the gamo. More precisely, an appropriate solution 

concept a116ws to select a subsot of outcomes which are hsolutions" of the 

game -subset which may be empty, héwe one or several olGments-; Let us call 

X(SC,,) this subset, which depends upon the solution concept considered SC, 

and all characteristics of game (V, and a.J denoted (,) . 
"'J. 

Now let us suppose that a subset J of the N players consists in identical 

agents (identical preferences and symetrical role in the game) and that 
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a subset I c J decides to constitute a syndicats. As a consequence, a new game 

is played which has formally -since the syndicats acts as a single agent-

N-1 Il +1 players. Supposing that the gains of the syndicats are equally shared 

between its members, -a natural assumption for identical players-, the pre

ferences of the syndicats as a ployer can be consistently defined. 

The set of admisEiible coalitions is restricted -since coalitions 

with some, but not all, players of J are ruled out- but the characteristic 

function set can be straightforwardly redefined for the new game from the 

original one. 

Finally in the new game, a given solution concept still allows 

to exhibit a subset of ~solutions", for the N-lrl + 1 players and taking into 

account the distribution rule between the members of the syndicats, for the 

N original players. 

Let us call XS(SC,I,.) the corresponding subset of outcomes in 

m1
N, which depRnds upon the solution concept considered SC, the 8yndicate I 

and the others characteristics of thE game, 

We are nmv in position ta givG formal definitions of the concepts 

of stability of syndicat es -evoked above- wi th respect to a given solution 

concept se. 
I is strongly A-stable if\:/ x E X(SC,,), 'tJ x' E XS(SC,I,.) 

x' > x. , 'tJ i E I and :! a couple (x, x') s "t. x ! >. x , \/ i E I • 
i -i 1 1 1 i 

I is weakly A-stable if\/ XE X(SC,.), j x' E XS(SC,I,.) s.t, 

x1 > i x
1

, 't/ i E I. 

When X(SC,.) anrl XS(SC.I,.) redues ta a single point, the two 

concepts coïncide and define 1tJhat we will term A-stability, 

I will be said strongly B-stable if 'tJ x E XS(SC,I,,), xi >i xj 

\;/ 1 E I, j E J/I , 

I will be said weakly B-stable if:! x E XS(SC,I,.) and j E J/I 

s.t. X, > X 1 , 'tJ i E I. 
1 i j 

When XS(SC) reduces ta a point and when all agents of J/I are equally treated 

by the solution concept SC, the two concepts coincide and one will speak of 

B-stability. 

,/, 
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A-stabi li ty refers to the AUMANN 's notion of advantage -compa

rison of the situations of the syndicats msrnbers when there is, and when there 

is no syndicate-- when B-stability is related to the marginal stability of 

GABZEWICZ-OREZE- comparison of the situatiçrn of syndicated and non syndicated 

people of the same type,when there is a syndicats, 

The stability is said to be strong, when the syndicats is neces

sarily advantageous frorn the point of view adopted (A or B-stability}, Weak 

stability expresses the idea that frorn the adopted point of view, the syndi

cats rnay be advantageous, 

The reader will, notice that several alternative formulations 

of this last idea could have been possible, bath for weak A and weak B sta-

bility and that the definitions chosen are to somr, extend arbitrary 
(21 

Let us also notice that these definitions are relative to garnes 

with a finite nurnber of players but could easily be extended to games with a 
(3) (4) 

measure space of agents , , 

As we have already noticed, the stability of syndicates· has been 

studied for syndicates of traders in an exchange economy in the framework of 

a measura space of economic agents, with the solution concept of core. 

The main results obteined can be summarized as follows : (suppo

sing that the concepts· definod above be rephrased in order to apply to games 

with an infinite number of players), 

1, XS(Core,I) ~ X(Core) = {set of cornpetitive equilibria} , 

Characteristics of allocations b0longing to XS have been given by SHITOVITZ 

[1973]( 5). 

2a, Ther~ exist exchange economies in which syndicates are 

strongly A-stable. See SHIT~VITZ [1973], GABZEWICZ-OREZE [1971]. 

2b, But cases "without pathological features" can be found in 

which a syndicat~ is net oven weakly A-stable. Sea AUMANN [1973], 

3. Weak B~stability (and a fortiori strong) cannot "generally" be 

expected (GABZEWICZ-OREZE [1971])" 

. /. 
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Sa according ta 2, advantageous (2a) as well as disadvantageous 

(2b) syndicates (in AUMANN's sense) can be found, Hawever, ·ALJMANN notes 

that ttone is almost forced ta the conclusion that monopolie~ which are 

not particularly advantageous are probably the rule rather than 

the exception". Such a conclusion, joined ta point 3, emphasizes that the 

analysis fails ta reflect the advantages that are supposed to be attached 

with monopolies or syndicates, This can be seen as a consequence of the 

inadequacy of the concept of solution of core, an opinion supported by 

AUMANN, according to whom nthe game theoretic notion of core is not the 

proper vehicle for the explanation,,,(of the monopolist advantage)", 

"The (monopolistic) strenght lies in his possibilities, in the bargaining 

power engendered by the harm ho can cause by refusing to trade "a pheno

mena which is "not foreign to game theory and closely related to the 

ideas underlying the Shapley valush, 

The purpose of this paper is to examine this latter conjecture 

by discussing A- and B-stability for syndicates of traders in an exchange 

economy when the allocation of commodities is governed by the Shapley 

value, 

Our arguments will be dsveloped by considering limit of replica 

economies rather than in the framework of an atomic measure space of 

economic agents-in which a Shapley value can be defined along the lines 

of HART' s analysis [1973 ]-. The reasons for this choies are mainly twofold, 

First, HART's article does not provide a direct way of computing the 

Shapley value of atomic playsrs and does not allow -at loast without 

preliminary 1tJork- the study of B-stability.Second, ,v8 will deaJ. essentially 

with examples for which the inconveniences of technalities required for 

proving existence in a measuro spaco are ~reater than the advantagGs of 

. 1 + t· f Sh 1 1 . h t t(B) simp er compuLa ions o ap ey va ue in suc a con ex , 

Thus, our exploration of A and B-stability of syndicates with 

respect to the Shapley-value-based on thB study of specific examples

will proceed as follows : 

After giving preliminary results in the second paragreph, we will 

exhibit in the first part of th:ird paragraph a class of two goods economies 

for which, at the limit in the n-replica, a syndicats of traders (which is 

also a monopoly) is strongly A-stable. 

,/' 
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In the second part of the tt-ird paragraph, we will see how 

small modifications of the previous example allow us to exhibit syndicates 

which are not weakly A-stable. Moreover, this phenomenon occurs in a 

subclass of aconomies where syndicates are strongly A-stable with respect 

to the core concept. 

In the fourth paragraph an example of absence of B-stability will 

be presented. 

As the reader will see, the examples of failures o·f A- and 8-

stability have no pathological features. They provide a disappointing 

insight on the conjecture according ta which the Shapley value would be 

an appropriate concept -for capturing the bargaining power of syndicates 

or monopolies (even if some "positive" statements are suggested by the 

examples of paragraph 3), 

The implications of the whole study on the directions of future 

research will be brlefly discussed in conclusion. 

II - PRELIMINARY RESULTS, 

A/ Shapley value in "homogeneous markets" : 

The concept of Shapley value defined first in games with trans

ferable utility has been extended by Shapley to games without transferabls 

utility (Shapley [1969]). Thus, Shapley value allocations can be defined 

in ganeral exchange economies :in which there does not exist a money-commo

di ty allowing transfer of utility. 

Let E = (X.,u.,w.) be such an economy. Given a vector 
1 1 1 . n 

"= {À 1,.,.,À} belonging to Sn, simplox of lRn, (Sn= ni l "· = 1, "i~l 
n 1 

one can associate with the economy the game ~ith sj_d0-payme~tJ GÀ defined 

by the following characteristic function 

v(À,S) -· Max I ". u. ex. ) l X. :,; l W. . s l l l l iES 1 lE~ iES 

In particular 

v(À,N) = Max I ;,.u.(x.) l X. :,; l W. 
1. l l l 

iE:N iEN iE:N l 

,/. 
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The Shapley value assignment of this side-payments game is given 

by the following formula : 

- 1 \' V (:\ , S . U{ i} ) - V 0., S . ) 
n! l,, W,l W,l 

WE,.. 

( 1) 

where Q is the set of all orderings of the n agents and S . is the coali
w,1 

tion of players preceding player {i} in the ordering {w}, 

Given agame GÀ, the sequence of utility levels 

( •.. ,Sh.(À)/À.,, .. f76orresponding to the Shapley value of the gamo cannot 
1 1 . 

"generally" be obtained by a pure reellocation of commodities. The Shapley 

* value of the economy is associatod with thosG À (if any) such that the so-

lution of the games GÀ*does not imply any transfer of utility. Precisoly a 
Q, 

Shapley value allocation is a sequence of bundles of JR 

space) * * * (x
1

, ... ,x., •.. ,x) 
1 n 

* * À.u.(x.) 
1 1 l 

l 
iEN 

* x. 
l 

= 

* * associated with a vector À (À 

W. 
1 

"ï1 i = ~ •••• ,n 

(the commodity 

E JRn) such that (B) 

(2) 

Let us now consider an exchange economy E with n agents which 

have identical preferences,Each of them has a preference preordering defined on 
9., 

JR+ which can be represonted by a utility function u, quasi-concave and homoge-

neous of degree one and such that u(O) = O. The vector of initial endowments 

in the economy is \.\/ >> 0. One can prove 

Lemma: In an economy as defined above, 

(a) The set of feaSible utilities (i.e., the set of vecto~s u = (u 1 , •• ,,un) 

such that 3 Cx
1

, •.• ,xn) with u
1 

= u(x
1

J ••• un= u(xn) and I xi s w) is 
1 n 

limited by the hyperplanes, I 
i=1 

u. s u(w), u. ~ 
1 1 

0, ri i 

(b) When u is strictly increasing and when all initial endowments w. are 
1 

nonzero, every Shapley value allocation is associated with equal weights 

* for all the agents (À = (1/n, ... ,1/n, .• ,,1/n)), 

. I. 
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(a) is a well~know property and we will give only an outline 
- -

of proof, Let us consider (x
1

, •..• xn) a Pareto optimal allocation of E, One 

can find positive numbers t 1 
•••. ,tn' t 1 ~ 0 , tn ~ 0, t 1 

+ , •• + tn = 1 • 

such that ;_ ~ t. w, ~ i. (Consider the pries system p associated with the 
1 1 1 

Pareto optimum, an i s,t, x. ~ 0 and the set x. = {x'. e X. !p.;. = p.x! and 
1 1 1 1 1 1 

x
1
. "-' x '.}. It is easy ta see that the smallest cone of vertex O containing x . 

. 1 1 

is convex and must contain X· • ~ j ~ i • and must also contain w.) Then if 
. n J 

u. = u(;i) 2 ~i = u(w). 
1 i=1 

* (b) Let ( •. ,X., •• ) be a Shapley 
1 

value allocation and 

* ( ... À .... ) the set of 
1 

* such that Ài > 

associated weights. Let us suppose that there 

* À., It follows from the above definitions and (a) exists L j 
J 

* * that u.(= u(x.ll 
J J 

= 0. and>..* 
j 

u~ = O. Let us consider, then, formulas (1) and 
J 

(2) above One has 

Sh.(>..*1 
J 

= Sh.(>..*1 
J 

* ( ) - ,* À. u w. + w. ~ u(w.) 
1 1 J j J 

the right hand side term being a minorant of the contribution of agent j to 

the coalition formed by himself and agent i. This term is itself at Jeast 

* equal to À,(u(w. + w.l - u(w.)) which according to our assumptions is 
1 1 J J 

strictly positive. This is a contradiction, Q.E.O. 

This rosult can be surrmarized as fol101,s!S : in a ''homogeneous 

market", i.e .• an exchange economy where all agents have an identical utility 

function u homogeneous of dogree one and concave, the Shapley value alloca

tion is unique and the levsls of utilities of the agents associated with 

this allocation are the Shapley valu;3 assigni:,.mts of the game (with transfe

rable utility) whose characteristic function is defined by v(S) = u( L w.), 
iES 1 

B/ Shapley value in replica of homogeneous markets with a syndicats, 

Let us consider an initial homogeneous markets E with only twa 
__ SI, . 2 

agents, A(:IR .u.w
11 

;e, D) , B(]R ,u,w ~ C) (u is a hornogeneous of degree one, 
+ n + 8 

strictly increasing conoave utility function) • 

. /. 
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In the n-replica of this economy E(n), all agents of type A 

forma syndicats of traders in GABZEWICZ-OREZE's sense. The "syndicats" action 

obeys two conditions : first. agents of type A cannot join separately coali

tions : in the process of formation of coali tians the syndicats acts as a 

single agent; second, the bundla of goods obtained by the syndicats is 

equally shared between its members. It follows that if thG bundle of goods 

obtained by the syndicats is x, the total utility of the syndicate members 

if (nu(x/n) = u(x). Thus, in the following the syndicats can be considered 

a single agent with the sarne utility function as the other agents. So the 

E(n) ·t~ d' ' · d h ( ) economy w1 11 a syn 1cate can oe cons1dere as aving n+1 agents which 

can be numbered as follows 

i = 2, •.• , n+ 1 , 

Agent n° 1 is the syndicate : (JR!,u,w
1 

= 

Agent n° 2 to n+1 are agents of typo B 

nw
8

) • 
Q; 

(JR ,u,w. ::: 
+ l 

In order to compute the Shapley value of this economy E(n) 

(which is a homogeneous market in the sense of 2,A,let us consider the set 

6f orderings of the (n+1) agents. This set can be divided into n+1 subsets 

according to the rank of the syndicate (player 1) in the ordering. 

1st subset : player 1 is first in the ordering 

p-th subset player 1 is p-th in the ordering 

There are n! ordering,in each subset, Let us cali ~v(A) the contribution of 
p 

player 1 to a coalition of (p - 1) agents of type B (corresponding to the 

p-th type of ordering). 

Shn(1). the utility of player 1 corresponding to his Shapley 

value ~llocation in the economy E(n) with syndicate can be writton down : 

Sh C 1 l = 
n 

1 
( n+ 1 ) ! 

where according to section 2,A. 

/w (A 
1

) 
p+ 

p=n+1 

l 
p=1 

. /' 

n! tv(A ) 
p 

1 
n+1 

p=n+1 

l 
p=1 

/w(A ) 
p 
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Hence 

S h ( 1) 
n 

= 
1 

n+1 

p=n+1 
[ l u(n111A + (p-1)w

8
) -

p=1 . 

p=n+1 
l (u(p-1)w

6
)J 

p=1 

In fact, if we favor the interpretation in terms of "s:::ndicate" 

we are rather mors interestod in (1/n)Sh (1) 
n 

to infinity 

and 

sa that 

III - A-STABILITY. 

1 1 p=n p p 
- Sh ( 1) = - l [ u (w + - w ) - u (- vJ ) ] 
n n n+1 p=O A n B n B 

Let us consider the limit of this expression when n increases 

one has 

( 9) 

lirn .1. l ( ) 
n 

= 

• ( 3) 

A/ A subclass of hornogeneous markots in which the syndicate is strongly A-stable. 

Let us specify aconomy E( 1) of the preceding section 2.8 as 

follows 

Q, = 2, the consumption set is ]i2 . + 
If X (À) u (x) À o. µ 1-a 

= = 
µ 

w = A [wo1 , WB = [woJ 

There ara two commodities, the utility function is a COBB-OOUGLAS function, 

consumer A owns only commodi ty 1 and consumer B 011ms ônly commodi ty 2, The 

limit level of utility given to the members of the syndicats by the Shapley 

value solution, can now be axplicitly computed from the above formula, 

,/' 
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n n = 
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(Here, and in the following, wA, w8 are numbers and not vectors.) 

The limit ShaplGy value bundle attributed to the members of 
-co 

the syndicats is dénoted xA(a) Ca being the exponent of the COBB-DOUGLAS 

function) and 

We are now ready to focus attention on A-stability. At this point, two 

premilinary remarks must be made : 
( ) s~ndicate 

Every replica economy En, with or without7is a homogeneous 

market in the sense of I and consequently has a unique Shapley value allo

cation. It turns out that the concepts of strong A-stability and of weak 

A-stability coincide in these rsplice. 

The unique Shapley value allocation of the replica economy E(n) 

without syndicate converges tovJEirds the (unique) competitive equilibrium 

when n -+ +co ( 'lO~ Thus, A-stabili ty of the syndicats for n large enough 

depends only upon the comparis6n of the competitive bundle going to the 
-co 

syndicats members and of xA, defined above, 

Figure 1, 

:c-, 

X A (1) ___________________ ..._ __ 

' / ! =oo / 

1 xA (0) 

/ 

/ 

./' 

\jJ 
A 

B 
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=co 
The competitive bundle of a syndicate member, denoted by xA(a), 

can be easJly computed when the exponent of the COBB-OOUGLAS function is a 

-co =co 
xA(a) , xA(a) can be visualized on an EDGEWORTH diagram (Figure 1), As 

a < 
1 

2-a 
V a E [0, 1[ 

-oo 
the Shapley value bundle xA (a) is strictly preferred by the members of the 

=oo 
syndicats to the cornpetitivs bundle xA(a) etE:[0,1[, 

One can summarizG this : 

Let us consider the subclass 6f homogeneous economies (with two goods, two 

agents, and COBB-DOUGLAS utility functions with O ~a< 1), defined here, 

In this subclass of economies, the syndicats constituted by all agents 

of. one type (the agents of tho other type re~aining unorganized), is 

(strongly) A-stable in replica econornies E(n), as soon as n is large enough, 

B/ An example of a syndicats not weakly A-stable. 

Let us corne back to the preceding example by considering the 
+ q, + a 1-a 

function q, : m '+ m such that q, O.) = wA À • cp is nothing else than 

the section of the utility function u(µ,:\) by the planeµ= wA. Let us draw 

the graph of q, for a= 2/3 (Figure 2), According to formula II,B(3), the 

lirnit Shapley value of the syndicats is the surface of the shaded area times 

1/w8 • 

[igure 2. 

• À 

0 

,/. 
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C 

This suggests modifying slightly ths utility function al~ng 

the following lines, Let us consider ~· , the graph of which is made of DA 

and of the half line ABC (Figurs 3), The slope of ABC is B with 

tg B = (1/3) (wA/wBJ
213

, sa that the graphs of~ and~· are tangent in 

B [ 2/3WB 1/3] 
WA WB 

Let us consider now tho (unique) function definod on JR
2 

which 
+ 

is homogeneous of degree one and.whose section by the pl?ne µ = wA coïncides 

with t' and let us denote it u', u, the COBB-DOUGLAS utility function cf 

parameter 2/3 ond u' are such that in any point x E JR~ (x = (µ,~.)) such 

that µ/À = w//w
8 

the bm JR
3 

surfaces def::.ned respectively by z = u (x) , 

z' u' (x) aro tangent. (Equivalsntly, one can say that the graphs of u ard 

u' are ti]ngent along a half line of F 3). 
+ 

Let us thus consider the two 6ocds economy of section 

III. A in whioh the common utili ty function of the agents would be u', Let us 

term it the u'-economy as o~pos0d to the economy in which the utility func

tion is the COBB-OOUGLAS function of parameter 2/3 which will be referred to 

as the u-economy. 

Let us look, in an EDGEWORTH box, at the indifference curves 

of consumers A et B in both u-eccmomy ané:! u '-economy. In both Gconomies the 

indifferenc8 curves of consumers A and B have a common tangent along the 

diagonal of the EDGE\JJORTH box and these common tangents coïncide in u an·1 u 1 

economies. 

. /' 
' 
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It turns out that the uniquo competitive equilibrium of the 

u-economy is also a competitive equilibrium of the u'-economy. Moreover, if 
( 11 ) 

there 1-Jere more than one competi tivs allocation in the u '-economy all 

would be equivalent in terms of utility for all agents. Consequently, the 

level of utility given to a member of the syndicato in a competitive equi

librium of the u'-economy is that associated with the bundle 

[t:] 
On the other hand, the limit Shapley value of the u'-economy is given by 

fo rmu 1 a IL B ( 3) 

But obviously, one can 1hoose the point A in order to make 

OAB arbitrarily close to OB, so that J u'(wA,tw6)dt can be made arbitrarily 

close to the value of the surface of tRe triangle DIB times 1/w8 , i.e., 

= 
1 2/3 
2 w/\ 

Hence, the bundle corresponding to the limit Shapley value can be made 

-through the choice of u '- arbi.trarily close to 

r.1 w 

l
, ~ A 

2 WB 

a bundle which is less good for consumers of type A than the competitive 

bundle, 

One can summarize 

Given the two goods - two consumers economy of section III.A, where the 
. ( 12) COBB-OOUGLAS utility function hAs beon replacod by an "appropr1ate" 

function u', the syndicats of all consumers Ais not weakly A-stable in an 

n-replica of this economy, when n is large enough, 

Let us finally notice that results similar to those presented 

inIT-8,IIT-A,IIT-B are true using a measure space of agents instead of replicas • 

. /. 
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The value is defined as in AUMANN [1974] using as value on pFL the one 

with uniform distribution in HART [1973]. 

Cl Sorne comments. 

(a) The above example points out some specific properties of 

the limit Shapley value in an economy which is not "non-atomic"n 3), 

- A limit Shapley value does not coincide with a competitive 

equilibrium. 

- A limit Shapley value is affected by "modification" of the 

preferences of the agents which do not affect competitive equilibria. 

Although the "modifications of preferences" considered in the above example 

were modifications of the network of indifference curves (outside a neigh

borhood of this part of the diagonal of the EDGEWORTH box which is not 

tao cbse to zero) this latter fact strongly suggests that a limi t Shapley 

value of an "atomic economy dons derend on the particular cardinal utility 

functions chosen for repressnting tho prefersncos of the agents. Thus the 

Shapley value of an atomic economy would be a "cardinal" concept when it 

is an "ordinal" concept in non fJtomic economy. 

However, the cardinal representation of the preference preor

derings chosen in the examoles of paragraph 2 cannot be changed without making 

the corresponding economy leave out the class of "homogeneous marketsµ, 

So our framework is inadequate far building an example supporting the 

preceding assertion. 

(b) In the ex ample of :rn:. B the syndicats is not A::-stable when 

the pri~e system of the cornpetitive equilibriurn is favorable to owners of 

commodity 1, Wheh this price system is less favorable to thern (caso a~ 1/2), 

the syndicats bocom·es again advantareous. 

It is ltJorth noting that the bundles of commodities given te 

syndicats members by tha limit Shapley value are mors concentrated when a 

varias than the corresponding competitive bundles, Moreover, the limit 

Shapley value gives the syndicats always more than half of the total 

resources of the economy, which is in some senso a "good" bundle, even if 

it is not always as good as tha compati tive equHibrium. This latter property 

. I. 
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is not linked to the CDBB-OOUGLAS assumption, as can be seen by looking at 

formula ILB(3) 

lim ..!. Sh ( 1 ) = I: u(wA,tw8 J dt r u(tw8 ) dt 
n n 0 

If u (tw8) = 0 '+;/ t ;;:,: o, 

'l ( 1 ) I: u(wA,tw8 J dt lim - Sh = 
n n 

and since u is concave, 

1 Sh ( 1 ) ;;:,: 1 u (w A,w8 ) 
n n 2 

(supposing u(wA,O) = 0). 

So the fact that tho syndicato obtains for the limit Shapley 

value more than half of the total resources in the economies of paragraph 

JI.B depends on the fact that it js a monopoly and that the good it oi,.ms has 

no substituts (u(tw8 ) = 0). 

This suggests that aven if it does not imply A-stability, the 

Shapley value captures in some way the strength of monopolists owning a 

commodity which has no substituts. However attempts for exploring this idea, 

seemed to indicate that it was unlikely to be fruitful when economic agents 

d t h . ·1 f (14) o no ave s1m1 ar pre erences , 

IV - AN EXAMPLE OF A SYNDICATE 'i.JHICH IS NOT 8-ST ABLE, 

In order to axhibit a syndicats which is not B-stable, we 
( 1 5) 

will comme back to the economy of paragraph TI.B . We will suppose that 

in the n-replica of the initial two agents economy : 

p agents of type A constitute a syndicate. 

(n-p) agents of type A remain isolated. 

n agents of type Barc not syndicated, 

There will be 2n-p+1 agents, having the same utility function u, 

. /. 



- 17 -

Agent n° 1 is the syndicate, His vector of initial endowments 

Agents n° 2 ton° n-p+1 are AgGnts of type A having an initial 

endowment wA, 

Agents n° n-~+1 to 2n-p+1 are agents of type B having an 

initial endowment w
8

• 

When n will tend to infinity. we vJill rGquire that the relative size of 

the syndicats p/n tends to a constant number. 

The orderings of the 2n-p+1 players can be exhaustively 

described as follows 

player 1 is rankod 1st : there are (2n-p)! such orderings. 

player 1 is ranked Lnd. Either 

one player of type Ais number 1 or 

one player of type Bis number 1 

player 1 is ranked q-th and ,Q, players of type A and q-1-,Q, 

playeœof type B preccde him, 
n-p n 

There are (2n+1-p-q) ! (q-1) ! C
0 

· C' orderings of this type. 
X, q-1-,Q, 

-D••••,••11na11••11•• 

The Shapley value of player 1 in this replica economy can then 

be written down : 

Sh (1) = 
n 

1 
q=2n-o+1 

l ' 
(2n·-p+1) ! 

,Q, = min {
n-p 
q-1 

q=1 
(q-1) ! (2n+1-p-q) 1 

where tq,,Q, = u((p+,Q,) wA, (q-1-,Q,) wE) - u(2wA,(q-1-,Q,)w8 ) 

(the argument is exactly similar to this in section II.B), 

(4) 

To compute the Shapley value associated with nonsyndicated 

player of type A, one has to consider again the set of orderings according 

to the rank of this anonymous player (that we will call player A). 

Player Ais q-th and Q players of type A and q-1-,Q, player B 

precede him, 

./. 
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n-p-1 n 
There are (q-1)! (2n-p+1-q)!C C such permutations. 

J1, q-1-J1, 
Player Ais q-th and rlayer 1 precedes him with (Jl,-1) 

players of type A and (q-1-9,) players of type B. 
n-p-1 n 

There are (q-1)!(2n-p+1-q)!CJ1, Cq_ 1_J1,such orderings, 

n-p-1 
A-,. C9, = 

n-p n-p-9, 
cJ1, x n-p and rn-p-1 = 

~Q,-1 
n-p J1, 

C -
Q, n-p 

it beé::omes 

Sh Ci) 
n 

1 
q=2n-p+1 

(2n-p+1) 1 

9, = min 

I 
J1,=0 

{
11-p 
q-1 

I (q-1) ! (2n+1-p-q) l 
q=1 

n-o ~n q,J1, 
[

(n-p-9,) !:,' 

CJ1,. q-1-J1, n-p 

i = 2, .•• ,n-p+1 

where 

Figure 4, 

-f-____ __,_ ____ .....,..( Q,_+_.o...,)_w ______________ A 

, A 

11' = u((J1,+1)wr~ q,Q, ·, 

A" = u((Q,+p)wA 
q' Q, 

(q-1-Q, )w ,) 
b 

(q-1-J1,)w) 
B 

q, Q, + 'lb" J 

One notcrn that the formula giving Sh (i) can be obtained by replacing in 
n 

the formula giving Sh (1) A by 
n q,'l 

f 1 - ..J;_l fi 1 
_n + [2 l 

n-pJ q,,., rrr; 

,/. 

/\'' ··q, J1, 

(5) 

• 
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so that the comparison of the Shapley values oX the syndicated and non 

syndicated player rest upon the cornr:arison of q,9, and (1 - _9,_) ~' n + 
r · P n-p Q,N 

- 2- A" , In order to have an intuitive understanding of the situation, 
n-p q,,Q, 
let us look at Figure 4, in which the graph of the function u(À,(q-1-Q,)w8 ) 

is drawn and in which wA is put uqual to 1, Then t.,' 
1 

, ~" n are respectively 
q,1 q,x, 

(nearly) the slopes of the tangents in A and B when - li n is the slope of AB, 
p q, X, 

So the comparison involved by formulas (4) anci (5) rests, 

roughly speaking, upon the "curvature" of the graphs such as that of Figure 4 

and of the relative weights of 6' and /'.," n , -the weight of li' n docreasing 
q,9, q,N Q,N 

as ,Q, increases-. 

One can guoss that if the graph of u is as depicted in Figure 5 

(with E small), the mean of the contributions of an unorganized agent will 

tend to become greater than the contribution of a member of the syndicats, 

(According to formulas (4) and (5), for 9, large bath agents will contribute 

equally, for ,Q, small, the small unorganized agent will contribute more), 

Let us make this idea more preciso. 

Let us suppose that u is such that its section by the plane 

µ = w8 is as indicated in Figure 6. For Os vs wA/100, u(À,w
8

) = 2À, 

w/100 + À, 

From the homogoneity of u, its section by the olane µ 

will be as indicated in figure 7, 

Let us consider q as given and let us compare â and 
q' ,Q, 

E 
O 

= ( 1- ,Q, / ( n- p) ) A ' n + 
q,N q,X, 

Caso(i) : 

Case (ii) 

[2/(n-~)] An" when 1 varies. 
q ,x.. 

!l ::.::: (q-1-9,)/100 

Then t /p = E 
q,Q, q,9, 

x., < (o-1-9,)/100 

Thsn ~ < (q-1)/100 and 

/:;, ,Q,/p s wi1 q-1 1 
+ -- . 

100] q, p 

E WA [1 (1 
!l 

= + - -)] 
q ,JI, n-p 

Hence E n > t;. /p will follow from 
q,x- q,9, 

1 -
,Q., 
-> 
n-p 

. /. 

q-1 
-- 0 

p 
1 

100 

= (q-1-.Q.hi, 
b 
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Figure 5 

u ( À, ') 

ol!] __ 
E: 

LI 

LI 

Figure 6 

Figure 7 

(q-1-R..)w 
.A. 

100 

./. 

À 



which follows from 

2 - (E.) 
n 

< 100 

(E.) (1 - (l:.) 
n n 

the lest inequality holds for p/n not 

too close to O or to 1, 

So with the special utility function considered and with for 

QXemple p/n = 2/~Eq,! is always greater and sometimes strictly greater than tq,l 

the Shapley value of the small agent is greater than the Shapley value of a 

member of the syndicats. One can stete: 

Let us consider an n-replica of the above sconomy in which p 

agents of type A are syndicatod. Thcn for every p, n such that p/n not tao 

close to zero or one , the syndicats is not B-stable. 

CONCLUSION. 

From this analysis, two main conclusions can bo smphasized, 

The first one is a negative answer: syndicates cannot generally be expectod 

to be either A-stable or B-stable with respect to the solution concept of 

Shapley value. The examples we have built have no pathological features. 

Moreover, they are borrowed from a class of economies for which syndicates 

are stable with respect to tho solution concept of e0re, The second one is 

that the Shapley value of non-atomic economies does not remain independent 

of the cardinal representations of agonts'utilities. This remark may lead 

to a less pessimistic view on the problem of stability of syndicates, Csrtainly, 

no "general" stability can be expectod, but there is some hope for finding 

out simple cardinal characteristics which would be crucial for stability. 

This is a field open ta future research, 

-oOOOo-
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Appendi~ : 

Sorne Statements in a Measurs Space of Economie Agents. 

The above analysis of A stability suggests few "positive" state

ments. However. the arguments of paragraph as well as the remark can be made 

more systematic. 

For that, let us consider a measure space of economic agents 

(T.C,µ), T, the set of agents, is supposed to be the interval [O,NJ, The 

agents fall into N types (the types will be denoted by i = 1, ..•• N). all 

agents of each type having the same initial endowments and the same prefe

rences. Agents of type i belong to the interval [i-1,i[ = Ti. Agents of type 

N belong to the interval [n -1,nJ = T . 
n 

C is the class of Lebesgue measurable subsets andµ the Lebesgue 

me as ure. The comniodi ty space is JR Q,. This classical me as ure space of economic 
+ 

agents with types (cf. Gabzewicz-Orèze (1971)) will be now specified as fol-

lows, 

a. All agents te T have the same cardinal utility function u de-

fined on JR.Q, +. u has the following properties (H1) 

u is 
.Q, 

measurable on the a-field of Borel subsets of R+' 

u(x) = D !! xi! v,lhEH, !I x!I +"00 , i.e,, 1 u(x) 1 !llxll-+ D, Il xi!-+ +oo, 

u is concave and increasing and u(o) = O. 

u has continuous partial derivatives au/ax., 't/ x e JR: lxJ. > O. 
J 

b, All agents of type i have the same initial endowment wi I 0 

i = 1, .•. ,N. 

c. Agents of type 1 forma syndicats the set of potential coa-

litions is a subset of C, c
1 

defined as follows 

C1 ={SI!: C I either S n T1 = <P, or Sn T1 = T
1
}. Generally the game defined 

above is agame without transferable utility, We will define a Shapley value 

in a way similar to that of paragraph 2. A priori. the weights \. of paragraph 
1 

2 should be replaced by a measure \(t). However, as we require that the 

./. 
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Shapley value without transferable utility we are defining be symmetric. we 

will restrict our attention to the degen~rat~d measures such thatNA(t) = A(t'J. 

1 ~N {SN - 1 - ' ' ) j ' - 1 ''} V t,t' ET., V i. Precisely, given 
l /\ E ~· - /\ - /\ 1 ,, • ' • '/\N l Ài - 'Ài 2: u 

function v(;\,.) Is defined one will define the game GÀ whose characteristic 

for 8V8ry SE C
1 

by 

N 
v(A ,S) = Max l 

i=1 J À. u(x(t))dµ(t) 
T.ns i 

l 

N 

l 
i=1 J X . ( t ) dµ ( t ) <S 

l T .ns 
l 

f\) 

l ( J dµ(t))w 1 i=1 T.ns 
l 

x.(t)EJRQ, ,VtEî. 
l + 

N 

:\1 
g(À,y,z) = Max l 

i=1 
À. y.u(x.) 

l l l 

l Yi xi ,s z 
i=1 

X. E 
l 

V i =1, ... ,N. 

According to Lemma 38,B of Aumann-Shapley (1974), and 

made on u. v(,\,S) = g(A,y,z) with y.= J dµ(t) and 
1 

T .ns 
l 

the assumptions 

= z. 

But as in Lemma 39,16 of Aumman-Shaplsy (1974), v(.\,S) can be 

written g(A,n(S), ~(S)) where n(S) is an N vector of measures and ~(S) an 

Q,-vector of measures. Each component of these vectors is a measure which is 

itself the sum of measures on ths non-atomic part of T and of a measure which 

has a finite carrier in the sense of Hart (1973). Furthermore, from Proposi

tion 39.13 of Aumann-Shapley (1974) it cornes out that g has continuous par

tial derivatives for y> 0, z > O. Taking into account Proposition 10.17 of 

Aumann-Shapley (1974), v(A~ ,) is proved ta belong to the class of set func

tions for which Hart proves the existence of a value. Actually in Hart's ar

ticle (1973) an infinitg number of valuea is proved to exist. Moreover, among 

them only one is the limit of the values of the sequence of finite games that 

,/. 
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one can associate with the infinite gams. Dnly this value will be considered 

here, 

Ws ars ready ta prove Proposition I. which extands the argument 

of Remark III.C(b), 

Proposition 1 : Consider the economy dafined above in w~ich all 

agents have identical preferences satisfying H1. Let us suppose that the syn

dicats formed by agents of type 1 be a monopoly and that the commodity(ies) 

it owns has (have) no substituts in the sense that u(w2 + ,,, wN) = u(O) = O. 

Then, the Shapley value bundle of the members of the monopoly is envied by 

all other agents in the economy, 

Proof : Let l* be a set of weights associated with a Shapley value 

of the game without transferable utility. The Shapley value of the game with 

transferable utility Gl* can be computed according to Hart's procedure (with 

a uniform probability di~tribution). It cornes with the notations of paragraph 1 

* * J1 [ * * >-
1 

u
1 

= 
0 

g(>. ,y(a),z(all - g(>. .y'(a). z'(a))Jdt 

where 

y(a) = (1,a,a •. , .• a) z(a) 

N 
y'(a) = (0,a,a., ... ,a), z'(a) = a}: 'vJ. 

l 
i 

But as the commodities mmed by 1 have no substi tutes 

·1 

J g(>.*,y(aJ,z(a)Jdt. 
0 

But gis a concave function of a (it can be proved either directly or 

sulting from Lemma 39,9 in Aumann-Shapley (1974). Henc2 J~ g(>.*,y(a), 

2:: ;.i:: g(>.* ,y(1 l ,z(1) l - gC>.* ,y(Ol, z(O))J, It follows that 
tJ 

* * * >-
1 

u
1

:::: g(>. ,y(1),z(1))/2 = (1/2) \ * * l À. u .• . 
1 

l i 
i= 

Hence 

* ll.l,. • 
JI.. 

,/. 

as re-

z Ca) ) c1a 
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fJ 
Let us remember 

set o-f feasible 

'i' * * that , À. u, 
..., l l 

* is the maximum of the linear form À. u, on a 
l l 

ut:Ui ty\1:ücil is symmetric (bscause all agents have identical 

. * * preferences). We will prove u
1 

:2:: ui 

* * À1 ~ Ài ~ i = 2, .•. ,N. Supposs that 

(from the symmetry recalled above), 
* * formula. But À1 ~ Ài ~ i - 2, •.• ,N, 

same symmetry argument). 

~ i = 2, ...• N. First let us prove that 

thero exist i * * * * s,t, À
1 

< Ài; thus u
1 

< u1 
* * and À
1 

u
1 

< 

* irnplies u1 
Q.E.O. 

·,': * À. u. which contradicts the 
l :l. 

* ~ u. "ri i = 2, ••• ,N (with the 
l 

Let us now turn ta the case where u, the utility function, is 

Cobb-Douglas. Precisely, let us replace H1 by H2 : 

a 
If x = (x

1
, ••• ,x ), u(x) 

' 8 
o I X ,a.>0 Ci,. 

8 l l 

Although u does not satisfy one of the conditions roquired by H1, one can 

prove that every game G associatc;Jd itJith this cconomy has a Shapley value 

for this, it suffices to remark that the reasonings of paragraph 2 concerning 

the shape of the set of foasible utilities in a homogoneous market can be 

transposed here and imply g(À,y,z) = (Max À.]u(z), The existence of a Shapley . ]. 

value for G follows from reasonings si~ilar to thoss used earlier when u 

satisfied H1. 

We can now state Proposition 2 which extends the analysis of 

section IILA, 

Proposition 2 : Let us considor the above economy in which tho uti

lity function of all agents satisfios H2. 

If the syndicats formed by agents of type 1 is a monopoly owning 

the total quantity of one commodity (and a zero quantity of all other commo

dities), then it is (strongly) A-stable with rsspect to the solution concept 

of Shapley value, 

,/, 
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Proof: The details ars left to the reader. The outiine of the 

proof is as follows : 

a) As in paragraph 2, it can be proved that the only possible À* 

defining a Shapley value of the game without transferable utility is 

À*= (1/N,1/N,,,,,1/N) 

b) Applying Hart's formula, and taking into account the above re

mark on g(À,y,z), it cornes out 

If the monopoly commodity is commodity number one and 1,Jith straightforward 

notations it becomes 

u* = J1 (w11 /1 
1 lJ 

N a. 
l w.). J 

i=2 1 J 

* N f 1 1-a1 
u

1 
-· u C l vJ. ) t dt 

. 1 1 0 i= 

1 
2-a 

1 

N ae 
c I w. l 
i=2 l 8 

[\) 

u ( l vJ. ) , 
l 

i='l 

Cl2 • •• a. 
t 

8 
dt 

c) The competitivo equilibrium gives to agent 1 the bundle 

Tho conclusion follows as in paragraphrrr.A • 
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FOOTNOTES. 

(1) The economic game considorsd in the following will meet these requirements. 

(2) For example, the notion of weak A-stability arbitrarily refers to the 

point of view of potential syndicats members questioning about the 

creation of a syndicats and not to the point of view of actual syndicats 

members considering ta leave out the syndicats. 

,..., 
(3) ~ i e I should be replaced by "for almost every i e I," and~ j eJ/I 

by "3 A. c J/Î s.t. p(A.) > O" (straightforward notations). 
1 1 

(4) Our concept of weak B-stability would then be close to the concept of 

weak marginal stability defined by GABZEWICZ-OREZE for solution concept 

of core [1971], However, in GAEZEWICZ-OREZE weak marginal stability as 

well as strong total stability are properties of allocations, when 

A-stability or B-stability ar8 here properties of a syndicats, 

(5) Cases wher8 XS = X can be found in SHITOVITZ [1973], DREZE-GABZEWICZ

SCHMEIDLER-\/IND [ 1972]. 

(6) At contrary the measure space epproach is more appropriate for proving 

géneral statements such that those few "positive" statements indicated 

in the following. 

(7) For more details an the À-transfer procedure, see 

SHAPLEY [1969], 

(8) The Shapley value in an exchange economy can bo soen as resulting from 

a confrontation of "supply" and "demand" of utility levels : 

- the "supply of utility levels, when the weights of the individuals 

are À = (À1'""•\l , is a 

Max l À.u.(x.) l X. 
1 1 1 1 

ifN 

. /. 

-
vector u(À) 

~ l W.• 
1 iEN 

such that l 
i 

),.u. (À) 
1 1 
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- the »demand" of utility levels from the agents is the vector Ü(À) 

s,t. Ü.(À) = .Sh.(À)/À. where Sh.0.) is givan by formula (1). 
1 1 1 1 

This remark immediately suggests a way of proving an existence theorom 

for the Shapley value in an axchange economy. Such a theorem is given 

in CHAMPSAUR [1971]. 

(9) Given our assumptions on u this integral does exist. 

(10) This results from the convergence theorom proved by CHAMPSAUR [1975]. 

(11) 1. e., if u' were riot "strictly" quasi-concàve (with a straightforward 

rneaning). 

(12) i.e., s,t, the slope of DA be close tb the slope of OB. 

(13) Hers, we use the word atomic in the context of a replica-economy, with 

a straightforward meaning, 

( 14) 

(15) This can be seen, for example, by considering the competitive equili-

b:-ium the Shapley value of the non-atornic gaqie, /\ccording ta AUMANN-
= r au N 

SHAPLEY [1974], Theorem B, it becomes u
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= 3 (t(l w,JJw
11

dt 
).J x1 1 i f 1 au 

N 

= 0 3x1 cI w
1 

)w
11 

dt. 
1 

N 
"' u(r u1 = a1 w.). 
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As 
N au , 

(l1 W1, ) . X .\//11 ax
1 

N 
= a

1 
U(L W.), it becomes 

1 1 

Q.E.O, 

(16) As mentioned in the introduction, we are considering here a replica 

economy rather than a measure space of agents, despite the groater 

complexity of the analysïs in this framework, The reason is that HART's 

formula [1973] does not apply directly ta the agents of the non-atomic 

part of the economy. Extendi~g HART's analysis for our problom would 

involve a specific work which is outside our scope. 

-oOo-
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